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1. I n t r o d u c t i o n  and P r i n c i p l e s  of Generat ion 

C i r c u l a r  a r c  h e l i c a l  g e a r s  ( W i l d h a b e r  - Novikov g e a r s )  h a v e  

t h e  f o l l o w i n g  a d v a n t a g e s  o v e r  i n v o l u t e  h e l i c a l  g e a r s :  ( a )  t h e r e  

is r e d u c e d  c o n t a c t i n g  stresses a n d  ( b )  t h e  c o n d i t i o n s  of 

l u b r i c a t i o n  are be t te r .  The d i s a d v a n t a g e s  o f  t h e  c i r c u l a r  a r c  

h e l i c a l  gears  are: ( a )  h i g e r  b e n d i n g  stresses, ( b )  t h e  

s e n s i t i v i t y  t o  t h e  c h a n g e  of c e n t e r  d i s t a n c e  and ( c )  a more 

c o m p l i c a t e d  s h a p e  of t h e  tool .  The b e n d i n g  stresses c a n  be 

r e d u c e d  by  a p p r o p r i a t e  p r o p o r t i o n s  o f  t o o t h  e l e m e n t s .  The e f f e c t  

of d i s loca t ion  o f  t h e  b e a r i n g  c o n t a c t  d u e  t o  t h e  c h a n g e  o f  t h e  

gear c e n t e r  d i s t a n c e  c a n  be r e d u c e d  by appropriate  r e l a t i o n s  

b e t w e e n  t h e  p r i n c i p a l  c u r v a t u r e s  of t h e  g e a r s  and  may e v e n  be 

c o m p e n s a t e d  t e c h n o l o g i c a l l y .  C i r c u l a r  a rc  gears  c a n  be 

s u c c e s s f u l l y  a p p l i e d  i n  gea r  t r a ins  w i t h  l i m i t e d  w e i g h t .  The  

s u c c e s s  o f  W e s t l a n d  Helicopter Co. w h i c h  d e s i g n e d  a n d  

m a n u f a c t u r e d  t h e s e  g e a r s  is t h e  best  e v i d e n c e  o f  t h i s  s t a t e m e n t .  

The m a i n  a d v a n t a g e s  o f  t h e  d i s c u s s e d  g e a r s - r e d u c e d  

c o n t a c t i n g  stresses a n d  improved  c o n d i t i o n s  of l u b r i c a t i o n  - are  

t h e  r e s u l t  of s p e c i a l  c o n d i t i o n s  of t h e  contact  of g e a r  t o o t h  
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s u r f a c e s  a n d  t h e i r  m e s h i n g .  S u r f a c e s  of t h e  gea r  t e e t h  c o n t a c t  

e a c h  o t h e r  a t  a p o i n t  a t  e v e r y  i n s t a n t ,  i n s t e a d  of a l i n e ;  t h e  

r e l a t i o n s  between t h e  p r i n c i p a l  c u r v a t u r e s  o f  s u r f a c e s  a r e  f r e e  

o f  t h e  l i m i t a t i o n s  which  e x i s t  f o r  gears  h a v i n g  l i n e  contact of 

t h e  surfaces; t h e  p o i n t  of c o n t a c t  (it is t h e  center of t h e  

c o n t a c t i n g  e l l i p s e )  moves o v e r  t h e  s u r f a c e  a l o n g  a h e l i x ,  and  i t  

is due t o  t h i s  m o t i o n  o f  t h e  contac t  p o i n t  and  a f a v o r a b l e  

o r i e n t a t i o n  o f  t h e  c o n t a c t i n g  e l l i p s e  t h a t  t h e  c o n d i t i o n s  of 

l u b r i c a t i o n  are  improved s u b s t a n t i a l l y .  

C o n s i d e r  t h a t  s h a p e s C 1  and C 2  a re  i n  c o n t a c t  a t  p o i n t  M 

( F i g .  1.1); C1 and  C 2  a re  t h e  c r o s s - s e c t i o n s  of g e a r  too th  

s u r f a c e s :  t h e  i n s t a n t a n e o u s  a n g u l a r  v e l o c i t y  r a t i o  is  g i v e n  by  

I t  i s  n o t  e x c l u d e d  tha tm12  is n o t  c o n s t a n t ,  t h u s  m 1 2  = f(9,) w h e r e  

is e q u a l  0, i s  t h e  a n g l e  of r o t a t i o n  of g e a r  1. The d e r i v a t i v e -  

t o  z e r o  i f  and  o n l y  i f  t h e  f o l l o w i n g  e q u a t i o n  is s a t i s f i e d  

df 
d+ 1 

Here: p;! = C2M, p1 = CIM where  C 1  and C 2  are t h e  c e n t e r s  of 

c u r v a t u r e s  of s h a p e s  c Ap = p 2  - p1 ; 

R =  I M ;  I: 

norma l ,  n ,  and  l i n e  m-m. E q u a t i o n  (1.1) r e s u l t s  i n  t h a t  t h e  

and  C 2 ,  r e s p e c t i v e l y ;  1 
= 011 and r2  = 021 ;  $,is t h e  a n g l e  formed by t h e  s h a p e s  

* 

d i f f e r e n c e  of c u r v a t u r e  r a d i i ,  Ap' = p 2  - p l ,  d e p e n d s o n r l ,  r2 ,  $=, 

R , and  p1 . Thus ,  Ap is n o t  a f r e e  d e s i g n  p a r a m e t e r  and w e  
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cannot substantially reduce the contacting stress by minimizing 

A p .  This obstacle can be overcome if the gears are designed 

as helical gears and the gear tooth surfaces are in point 

contact. 

Consider that the difference of curvature radii, A p ,  

provides optimal conditions for contacting stresses, but does 

not satisfy equation (1.1). If the gear tooth surfaces would 

be designed as spur or helical gears, whose surfaces are in 

line contact, then such gears would not be able to transform 

rotation with the constant angular velocity. But if the gears 

are designed as helcial gears whose surfaces are in point con- 

tact, then both requirements - the reduction of contacting 
stresses and the constancy of gear ratio - can be achieved. 

Fig. 1.2 a shows a gear tooth surface of a helical gear. 

This surface may be generated by a planar curve C in its screw 

motion about axis 0-0. 

Consider two cross-section of the gear tooth surface formed 

by cutting the surface by two planes, P1 and P2(Fig. 1.2a,b). 

Shapes C 

location and orientation of C ( * )  with respect to C 

mined by the axial displacement and rotation of C ('1 in its 

screw motion while it generates the screw surface of the gear. 

We assume that in such a screw motion of the gear is at 

rest. 

and C (2) lie in planes P1 and P2, respectively. The 

is deter- 

Now, consider that two helical gears are in mesh and their 

screw surfaces contact each other at point M initially (Fig. 1.2 

b). The shapes of gears 1 and 2 have a common normal n at M, 

which passes through point I - the point of intersection of the 

* - 
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(' i n s t a n t a n e o u s  a x i s  of r o t a t i o n  I - I w i t h  t h e  p l a n e  P1. 

of t h e  screw s u r f a c e  of g e a r  1 w i l l  come i n  c o n t a c t  w i t h  t h e  

S h a p e  C 

c o r r e s p o n d i n g  s h a p e  of g e a r  2 if t h e  qears  w i l l  be r o t a t e d  

t h r o u g h  c e r t a i n  angles  a b o u t  t h e i r  a x e s .  F o r  i n s t a n c e ,  s h a p e  C (2) 

of g e a r  1 w i l l  come i n  t a n g e n c y  w i t h  t h e  m a t i n g  s h a p e  of g e a r  2 

i f  shape 1 (2) t akes  t h e  p o s i t i o n  of C (3) . T h i s  pos i t i on  can be 

r e a c h e d  i f  t h e  gear  w i t h  i t s  screw s u r f a c e  ( t h u s  w i t h  t h e  s h a p e s  
( 3 )  (1) 

C(l) and 1"') is rotated about axis 0-0. S h a p e s  C a n d  C h a v e  t h e  

2' same o r i e n t a t i o n  b u t  l i e  i n  d i f f e r e n t  p l a n e  P a n d  P 

r e s p e c t i v e l y .  I n  t h e  p r o c e s s  of m e s h i n g  o f  h e l i c a l  gea r s  w i t h  

1 

t h e  t y p e  of p o i n t  c o n t a c t  d e s c r i b e d  a b o v e ,  t h e  qear t o o t h  

s u r f a c e s  c o n t a c t  e a c h  o t h e r  a t  e v e r y  i n s t a n t  a t  a p o i n t  a l o n g  t h e  

l i n e  ML, wh ich  is p a r a l l e l  t o  t h e  a x e s  of g e a r  r o t a t i o n s .  L i n e  

ML is  t h e  l i n e  of a c t i o n  of gear  t o o t h  s u r f a c e s .  

I t  is known t h a t  a screw s u r f a c e  of a h e l i c a l  gear  may be 

g e n e r a t e d  by a c y l i n d r i c a l  s u r f a c e  IC 

p a r a l l e l  t o  p l a n e  IT a n d  form a c e r t a i n  a n g l e  w i t h  t h e  g e a r  a x i s  

( F i g  1.3 a ) .  P l a n e  n i s  t h e  t a n g e n t  p l a n e  t o  t h e  g e a r  c y l i n d e r  

o f  r a d i u s  r. 

p l a n e  IT, w i t h  v e l o c i t y  y ,  t h e  gear  ro t a t e s  w i t h  a n g u l a r  v e l o c i t y  

whose  g e n e r a t r i x  a r e  

W h i l e  t h e  g e n e r a t i n g  s u r f a c e C c  t r a n s l a t e s  w i t h  

o, w h e r e  w = v  i r. P l a n e  r a n d  t h e  c y l i n d e r  o f  r a d i u s  r are  t h e  

a x o d e s  . 
To g e n e r a t e  g e a r s  h a v i n g  po in t  c o n t a c t  o f  t h e i r  s u r f a c e s ,  w e  

a n d  1 (2) 
IC C 

h a v e  t o  u s e  t w o  g e n e r a t i n g  c y l i n d r i c a l  s u r f a c e s ,  

( F i g .  1.3 a ) ,  w h i c h  contact e a c h  o t h e r  a l o n g  a s t r a i g h t  l i n e .  

Whi l e  p l a n e  IT t r a n s l a t e s  w i t h  v e l o c i t y  v ,  t h e  g e a r s  r o t a t e  w i t h  

(') a n d  (,J(~) respectively ( F i g .  1.3 b) . a n g u l a r  v e l o c i t i e s ,  w 

... 
- ... 



F i g .  1 . 3  
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We may i m a g i n e  t h a t  s u r f a c e  C:A’ genera tes  t h e  screw s u r f a c e  

of g e a r  1, and IC (2) 

The  s u r f a c e s  of h e l i c a l  gea r s ,  C1 and  C2 , w i l l  be i n  p o i n t  

c o n t a c t  and t h e i r  l i n e  of a c t i o n  w i l l  be t h e  l i n e  MI, ( F i g  1 . 2  

g e n e r a t e s  t h e  screw s u r f a c e  C2 of gea r  2.  

b )  . 
We h a v e  t o  e m p h a s i z e  t h a t  su r f aces  Cc (i) a n d  Ci ( i  = 1,2) 

are  i n  l i n e  c o n t a c t  a n d  C is g e n e r a t e d  as  a n  e n v e l o p e  of t h e  i 
f a m i l y  s u r f a c e s  Cc (i) . u s i n g  t w o  d i f f e r e n t  g e n e r a t i n g  

and  ZC(*), w e  .may g e n e r a t e  screw s u r f a c e s  f o r  
CC 

s u r f  a c e s ,  

b o t h  h e l i c a l  g e a r s  w i t h  a p o i n t  c o n t a c t  of t h e  g e a r  t o o t h  

s u r f a c e s ,  and overcome t h e  l i m i t a t i o n  of t h e  d i f f e r e n c e  of t h e  

c u r v a t u r e s  d e t e r m i n e d  by  e q u a t i o n  (1.1). The desc r ibed  method of 

g e n e r a t i o n  is t h e  k e y  t o  t h e  problem of s y n t h e s i s  of h e l i c a l  

gears  w i t h  r e d u c e d  c o n t a c t i n g  stresses. 

2 .  G e n e r a t i n q  S u r f a c e s  

F ig .  2 . 1  shows t h e  n o r m a l  s e c t i o n  of t h e  space o f  rack  

c u t t e r  F which  g e n e r a t e s  t h e  t o o t h  of g e a r  1. The  s h a p e s  of t h e  

r a c k  c u t t e r  

c e n t e r e d  a t  

f o r  e a c h  of 
(f) CF and CF , 

w i t h  center  

i t s  s ides  r e p r e s e n t  t w o  c i r c u l a r  a r c s  

respectively.  The c i r c u l a r  a rc  of 

a t  CF (f) g e n e r a t e s  t h e  f i l l e t  s u r f a c e  of 

t h e  g e a r  1 w h i l e  t h e  c i r c u l a r  a rc  o f  r a d i u s  PF w i t h  c e n t e r  a t  CF 

g e n e r a t e s  t h e  w o r k i n g  s u r f a c e .  P o i n t  Oa (F) l i e s  i n  p l a n e  r ( p i g .  

1 . 3 ) .  

Fig.  2 .2  shows t h e  n o r m a l  s e c t i o n  o f  t h e  t o o t h  of t h e  rack 

c u t t e r  P which g e n e r a t e s  t h e  space of g e a r  2 .  The s h a p e  of t h e  

r a c k  c u t t e r  f o r  e a c h  s i d e  represents  two c i r c u l a r  a r c s  centered  

8 
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(f) The c i r c u l a r  a r c  of r a d i u s  pp 
(f) 

a t  Cp and  Cp 

w i t h  c e n t e r  a t  C p  

w h i l e  t h e  c i r c u l a r  a rc  of r a d i u s  pp w i t h  c e n t e r  a t  Cp g e n e r a t e s  

t h e  w o r k i n g  s u r f a c e .  

, r e s p e c t i v e l y .  
( f )  

g e n e r a t e s  t h e  f i l l e t  s u r f a c e  o f  gear  2 

T h e  s h a p e s  of t h e  m a t i n g  rack c u t t e r s  do n o t  c o i n c i d e ;  

r a t h e r  t h e y  a r e  i n  t a n g e n c y  a t  points  Ill and M2. 

W e  may r e p r e s e n t  a l l  f o u r  c i r c u l a r  arcs  i n  t h e  c o o r d i n a t e  

s y s t e m  S a ( x a , y a , z a )  by t h e  same e q u a t i o n s  

Here: 

a lgeb ra i c  v a l u e s  w h i c h  d e t e r m i n e  t h e  l o c a t i o n  o f  t h e  c e n t e r  of 

t h e  c i r c u l a r  a rc ;  €Ii is t h e  v a r i a b l e  parameter wh ich  d e t e r m i n e s  

t h e  l o c a t i o n  of a p o i n t  o n  t h e  c i r c u l a r  a rc  ( O i i s  m e a s u r e d  

c l o c k w i s e  from t h e  n e g a t i v e  a x i s  ya); Pn is t h e  d i a m e t r a l  p i t c h  

i n  t h e  no rma l  s e c t i o n ;  a n d  JI, is t h e  p r e s s u r e  a n g l e .  

p r o p o r t i o n s  o f  r a c k  c u t t e r s  h l ,  h2,  h 3  and  hq are  e x p r e s s e d  i n  

t e r m s  o f  t h e  n o r m a l  d i ame t ra l  p i t c h ,  Pn. 

p i  is t h e  r a d i u s  of t h e  c i r c u l a r  arc ,  ai and  bi are 

The  e l e m e n t  

I t  was m e n t i o n e d  above t h a t  e q u a t i o n s  ( 2 . 1 )  r e p r e s e n t  a l l  

f o u r  c i r c u l a r  arcs  - t h e  s h a p e s  of b o t h  r a c k  c u t t e r s .  T h u s  

e q u  a t i ons 

r e p r e s e n t  t h e  c i r c u l a r  a r c  c e n t e r e d  a t  CF ( F i g .  2 . 1 ) .  

Knowing t h e  n o r m a l  s e c t i o n  of t h e  r a c k  c u t t e r ,  w e  may d e r i v e  

11 



e q u a t i o n s  of t h e  g e n e r a t i n g  s u r f a c e  u s i n g  t h e  m a t r i x  form of 

c o o r d i n a t e  t r a n s f o r m a t i o n .  C o n s i d e r  t h a t  a rack  c u t t e r  s h a p e  is 

r e p r e s e n t e d  i n  t h e  c o o r d i n a t e  s y s t e m  Sa 

coordinate sys tem Sa ( i )  t r a n s l a t e s  a l o n g  t h e  l i n e  0:) w i t h  

is a v a r i a b l e  parameter. U s i n g  t h e  respect t o  S, : OcOa = ui 

m a t r i x  e q u a t i o n  

(1) ( F i g .  2 . 3  b )  w h i l e  t h e  

(i) 

0 0 0 

s i n X i  C O S X  u . c o s h i  i i  
-COSX s i n X  u . s i n h i  i i i  

0 0 1 

w e  o b t a i n  ( i  = F ,  P) 

(i) 

(i) - - - ( p i  cos0 - a i ) s i n X i  + u i c o s h i  

(i) = ( P ~ c o s ~ ~ -  a.)cosXi + u i s inXi  

i X = p i s i n e i - b  

yC i 

C 

1 z 
C 

( 2 . 4 )  

I n  t h e  d e r i v a t i o n  of e q u a t i o n s  ( 2 . 4 1 ,  w e  a s s u m e d  t h a t  a , >  0 a n d  

bi > 0. The u n i t  n o r m a l  t o  t h e  r a c k  c u t t e r  s u r f a c e  is g i v e n  by 

t h e  e q u a t i o n s  

1 

E q u a t i o n s  ( 2 . 4 )  a n d  ( 2 . 5 )  y i e l d  

12 

(2.6) 



/ 

Fig. 2.3 
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. .  . .  

C o n s i d e r  t h a t  c o o r d i n a t e  s y s t e m s  S and Sc c o i n c i d e .  S u r f a c e s  
C (PI 

and C c  

s a t i s f i e d  

w i l l  be i n  t a n g e n c y  i f  t h e  f o l l o w i n g  e q u a t i o n s  are 

E q u a t i o n s  ( 2 . 4 1 ,  (2.6), (2.7) and ( 2 . 8 )  y i e l d  t h a t  s u r f a c e s  C p  

and C a r e  i n  t a n g e n c y  a l o n g  a s t r a i g h t  l i n e  a-a ( F i g .  1 .3 ,  a )  if 

t h e  f o l l o w i n g  c o n d i t i o n s  a r e  s a t i s f i e d .  
P 

Here: qC is  t h e  p r e s s u r e  a n g l e .  

The normal  s e c t i o n s  of t h e  g e a r  t e e t h  d o  n o t  c o i n c i d e  w i t h  

t h e  c o r r e s p o n d i n g  normal  s e c t i o n s  of t h e  r ack  c u t t e r s .  

N e g l e c t i n g  t h i s  d i f f e r e n c e  w e  may i d e n t i f y  t h e  normal  s e c t i o n s  of 

gear  t e e t h  w i t h  t h e  normal  s e c t i o n s  of rack  c u t t e r s .  The s h a p e s  

of t h e  g e a r  t e e t h  i n  t h e  normal  s e c t i o n  a r e  shown i n  F i g .  2 . 4 .  

These shapes are i n  t a n g e n c y  a t  F i n k s  PI1  and J ~ z -  C o n s i d e r i n g  t h e  

t w o  s ides  of t h e  t e e t h ,  w e  h a v e  t o  c o n s i d e r  t w o  pa i r s  of 

s u r f a c e s ,  C 

a l o n g  a s t r a i g h t  l i n e  a-a ( F i g .  1.3 a )  and p o i n t  M . ( i  = 1,2) 

l i e s  o n  a-a. The s h a p e  no rma l s  a t  M and M pass t h r o u g h  p o i n t  

I w h i c h  l i e s  o n  t h e  i n s t a n t a n e o u s  a x i s  of r o t a t i o n  and c o i n c i d e s  

and Cp. Each p a i r  of t h e s e  s u r f a c e s  is  i n  t a n g e n c y  F 

1 

1 2 
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(PI 
and 0 f o r  t h e  p o s i t i o n  shown i n  F i g .  2 . 1  

(F) 
a a 

w i t h  t h e  o r i g i n s  0 

and Fig.  2.2 

3 Tooth S u r f a c e s  of Gear 1 and Gear 2 

We s e t  up  t h r e e  c o o r d i n a t e  s y s t e m s :  S and  S r i g i d l y  
C 1 

c o n n e c t e d  t o  t h e  r a c k  c u t t e r  and  gea r  1, r e s p e c t i v e l y ,  and t h e  

f i x e d  c o o r d i n a t e  s y s t e m  Sf ( F i g .  3.1, a ) .  Note t h a t  i n  F i g .  3.1 

a ,  t h e  f i x e d  c o o r d i n a t e  s y s t e m  S c o i n c i d e s  w i t h  t h e  a u x i l i a r y  
f 

c o o r d i n a t e  s y s t e m  S he 
The d e r i v a t i o n  of t h e  gear  t o o t h  s u r f a c e  C is  b a s e d  o n  t h e  

1 

1 
f o l l o w i n g  c o n s i d e r a t i o n s :  (Here C r e p r e s e n t s  gear  1 tooth 

s u r f a c e ,  see a l s o  Appendix  I )  

T h e  l i n e  o f  c o n t a c t  of t h e  g e n e r a t i n g  s u r f a c e  C w i t h  t h e  
C 

gear  t o o t h  s u r f a c e  C1 may be d e t e r m i n e d  i n  t h e  c o o r d i n a t e  s y s t e m  

Sc by u s i n g  t h e  f o l l o w i n g  e q u a t i o n s :  

E CL 

Here: r ( u i ,  0 . )  is  t h e  v e c t o r  f u n c t i o n  w h i c h  r e p r e s e n t s  i n  t h e  

coordinate s y s t e m  Sc, t h e  g e n e r a t i n g  s u r f a c e ;  y c  i s  t h e  no rma l  

t o  t h e  g e n e r a t i n g  s u r f a c e ;  and 

The s u b s c r i p t  "c" d e s i g n a t e s  t h a t  t h e  v e c t o r  componen t s  a re  

,c 1 

is  t h e  r e l a t i v e  v e l o c i t y .  ( C l )  

r e p r e s e n t e d  i n  t h e  c o o r d i n a t e  system S I n  t h e  case of 

t r a n s f o r m a t i o n  o f  m o t i o n s  r e p r e s e n t e d  i n  F i g .  3.1 a, t h e  a x o d e s  

are  t h e  p l a n e  IT and t h e  c y l i n d e r  o f  r a d i u s  rl, and 1-1 is t h e  

i n s t a n t a n e o u s  a x i s  of r o t a t i o n  i n  r e l a t i v e  m o t i o n .  W e  may d e r i v e  

C. 

1 6  



Fig.  3.1 
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t h e  e q u a t i o n  o f  m e s h i n g  as f o l l o w s :  

xc- xc - - Y c -  Y, - - ZC' zc 
N N N xc YC zc 

(3.2) 

E q u a t i o n  (3.2) expresses t h a t  t h e  no rma l  t o  s u r f a c e s  C and C1 

a t  t h e i r  p o i n t s  o f  c o n t a c t  i n t e r s e c t s  t h e  i n s t a n t a n e o u s  a x i s  of 
C 

r o t a t i o n ,  1-1. Here 

x = 0, Y = r l $ l ,  Z c  = R  
C C 

are t h e  c o o r d i n a t e s  o f  1-1. 

E q u a t i o n s  (3.21, (2.4) and (2.6) y i e l d  

'- u cosAF - a F s i n A F ) s i n B F  + b F cosBFsinAF= ('1% F 
(3.3) 

( c i )  
I are t h e  coordinates of c e n t e r  CF 

( c i )  
a = ? ?  Here: X = -bF, Y 

a 

( F i g .  2.1) 

The e q u a t i o n  of m e s h i n g  (3.3) and e q u a t i o n s  (2.4) of t h e  

g e n e r a t i n g  s u r f a c e  C , c o n s i d e r e d  s i m u l t a n e o u s l y ,  r e p r e s e n t  a 

l i n e  on  surface C c ( l i n e  LF) which  i s  the  l i n e  of c o n t a c t  of C c  

and E l .  

of m o t i o n $ l .  

C 

The l o c a t i o n  o f  t h i s  l i n e  o n  C c  d e p e n d s  on  t h e  p a r a m e t e r  

I n  t h e  case o f  bF = 0 e q u a t i o n  (3.3) y i e l d s  t h a t  

rl@l - a sinAF - F - 
F 

UF cos A 
(3.4) 

f o r  any 8F 
Thus t h e  l i n e  of c o n t a c t  is  a c i r c l e  of r a d i u s  p F ( F i g .  3.2 a ) .  

1 8  



CONTACT LINES 
(b,=O) 

CONTACT 
(b,+ 

Fig. 3.2 
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F i g .  3.2 b shows t h e  c o n t a c t  l i n e s  f o r  t h e  case w i t h  b f 0. I t  

results from e q u a t i o n  (3.3) t h a t  
E 

u F = b F c o t e F t a n h F  + C0SXF - a F t a n h  F 
rl(+l 

( 3 . 4  

The c o n t a c t  l i n e s  a p p r o a c h  i n f i n i t y  a s  e a p p r o a c h e s  z e r o .  
F 

S u r f a c e  C1 may be  d e t e r m i n e d  w i t h  t h e  f a m i l y  of c o n t a c t  

Us ing  t h e  m a t r i x  1' l i n e s  r e p r e s e n t e d  i n  t h e  c o o r d i n a t e  s y s t e m  S 

e g u a t  i o n  

cos+1 - s inOl  0 r l ( cos+ l  + +1 s i n + , )  

s i n + l  cos+l 0 r l ( s i n + l  - 9, cos+l) 

0 0 1 0 I 0 0 0 1 

and e q u a t i o n s  (2.4) a n d  (3.41, w e  o b t a i n  

1 F F 1 
+ ( p  coseF - b cote  ) s i n @  s i n h ,  F F F 1 
- - b + r l ) s i n O l  

- b + r )cos+ x = ( p F s i n e  1 

y1 - ( p F s i n e  F F 

(3.5) 

- ( p F c o s B F  - b F cote F ) c o s +  1 s i n h  F '  

2 = p F C O S e  F C O S A  E - c o d F  aF + b F c o t e F t a n h F s i n h F  + r 1 1  (+ tanXF 1 

E q u a t i o n s  ( 3 . 6 )  r e p r e s e n t  t h e  t o o t h  s u r f a c e s  of g e a r  1 w i t h  

s u r f a c e  c o o r d i n a t e s  O F  and  +l. To g e t  t h e  no rma l  s e c t i o n  of t h i s  

20 



s u r f a c e ,  w e  have t o  c u t  t h e  gear tooth s u r f a c e  by the p lane  which 

i s  drawn through t h e  ax i s  XI perpendicular  t o  t h e  t o o t h  direc- 

t i o n  i n  p l ane  T (Fig. 1.3,  a) The c u t t i n g  p l ane  i s  r ep resen ted  

i n  t h e  coord ina te  system S1 by t h e  equat ion  (Fig. 3.3) 

= - z  tan) ,  
yl 1 F 

Equations (3.6) and (3.7) considered s imultaneously y i e l d  t h e  

fol lowing r e l a t i o n  between e F  and $, . 

Here 

pFsine - bF + rl F I 

sinhF 

t 

2 t a n  A F  
DI - '1 sinhF 

- 

( 3  7) 

(3.9) 

Considering t h a t  O F  is  qiven,we may determine $1 us ing  equat ion  

( 3 . 8 ) .  
bF 

I t  is easy  t o  v e r i f y  t h a t  $1 = 0 w i t h  taneF = - 
F a 

W e  may r ep resen t  t h e  normal s e c t i o n  of C1 i n  t h e  coord ina te  
* * * *  

system S ( x  ,y ,z ) ,  where 
1 1 1 1  

21 



CUTTING P LANE 

Fig. 3 . 3  
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* * * x1 - - x1 I y1 - - y l c o S X F  + zlsinAF , z1 = -ylsinXF + zlcosXF 

( 3 . 1 0 )  

E q u a t i o n s  ( 3 . 7 )  and  (3 .10)  y i e l d  

* * * 
x1 = xl, y1 = 0 ,  z1 = 

C0SXF (3 .11)  

The s o u g h t - f o r  normal sect ion may now be r e p r e s e n t e d  b y  t h e  

f o l l o w i n g  e q u a t i o n s :  

% s i n @ l  + B 1 ~ ~ ~ ( $ l  + DI+l = EI * 
X1 = s i n h F ( l + c o s @ l  - B s i n $ , )  I * 
Y, = 0 
* z1 = -EI + DI@l 

( 3 . 1 2 )  

Here A B and E a re  f u n c t i o n s  of e (see e q u a t i o n s  (3.9)). The I' I I F * x - a x i s  is t h e  a x i s  of  symmetry of the normal  s e c t i o n .  I 
1 

E q u a t i o n s  s i m i l a r  t o  ( 3 . 1 2 )  can  be u s e d  f o r  t h e  d e t e r -  
I 

m i n a t i o n  of t h e  normal sect ion of t h e  " f i l l e t "  s u r f a c e ,  b u t  w e  

n 
r e s p e c t i v e l y  ( F i q .  2 .4  and F iq .  2 . 1 ) .  The circd13r a rc  DE 1 

1 r e p r e s e n t s  t h e  f i l l e t  of t h e  rack c u t t e r  i n  t h e  normal  s e c t i o n ,  
I 

t p o i n t s  D and E are t h e  p o i n t s  of t a n q e n c y  o f  t h i s  c i r c u l a r  arc  
I 

I w i t h  t h e  u p p e r  and lower p a r t s  of t h e  s h a p e  of t h e  rack c u t t e r  

I ( F i g .  2 . 1 ) .  

E q u a t i o n s  ( 3 . 1 2 )  are o f  a g e n e r a l  n a t u r e  and  t h e y  c a n  be 

u s e d  for a l l  cases of t h e  g e n e r a t i o n  o f  gea r  1 w i t h  a r a c k  c u t t e r  

23 



having t h e  shape of a c i r c u l a r  arc. I n  p a r t i c u l a r ,  t h e s e  

equat ions may be used i n  t h e  case of gene ra t ion  of  t h e  " f i l l e t "  

sur face  of involu te  gears .  

S imi l a r ly ,  w e  can d e r i v e  equa t ions  of t h e  t o o t h  s u r f a c e  of 

g e a r  2 .  

is given by 

The equat ion of meshing of t h e  rack c u t t e r  P and gea r  2 

(r2+2 - u cosh - a s i n 1  ) s i n 9  + b cos9 s i n h  = 
P P P P P P P P 

f p ( U p '  gp ,  4 2 )  = 0 (3.13) 

The l i n e  of contac t  of C c  

equations 

and X 2  is represented  i n  S c  by 

('1 = p s i n e p  - 4 
xC P 

YC 

-apsinX P + r 2 + 2  

= -(ppcosgp- a p ) s i n h p  + bpcot9psinXp 

(3.14) 

+ bpcot9ptanX s i n h p +  r 4 tanhp 
a 

2 2  P 
= p case coshp - 

P P cos1 2 
C 

P 

The coordinate t ransformation from S(') t o  S2 is represented  by 

t h e  following matrix equation ( F i g .  3.1 b) : 
C 

2 4  



cos$2 s i n $ 2  0 -r2( cos$2 + $ 2 s i n $ 2 )  

- s i n $  2 cos$ 2 0 r 2 ( s i n $  2 - $2cos$2) 

0 0 1 0 

J 0 0 1 1 

E q u a t i o n s  ( 3 . 1 5 )  and  ( 3 . 1 4 )  y i e l d  

x2 = ( p p s i n B  - bp - r2)cos$2 P 
- ( p p c o s B p  - b c o t e p ) s i n $  sinA, P 2 

( 3 . 1 6 )  

y2 = - ( p p s i n B  - bp - r 2 ) s i n $ *  P 

P -(ppcosBp- bpcote d c o s  $2 s i n  A 

a 
P t a n 1  

2'2 
+ b cote s i n A p t a N p  + r 

P P cosxp P P 
22 = p cosepcOSA - 

W e  w i l l  d e t e r m i n e  t h e  normal  s e c t i o n  of C 2  by c u t t i n g  t h e  gea r  

t o o t h  s u r f a c e  by t h e  same p l a n e  as w e  c u t  El. 

s i m u l t a n e o u s l y  e q u a t i o n  ( 3 . 1 6 )  w i t h  t h e  e q u a t i o n  

C o n s i d e r i n g  

y2 = -z2tanXp 

w e  g e t  

( 3 . 1 7 )  

Here : 

2 5  



2 p s i n e  - bp- r P P 
%I= - sinXp 

B ~ ~ =  
- p  cosep + b p  cotep P 

2 t a n  X p  
DII= r2 sinXp 

( 3 . 1 9 )  

2 - b c o t o p t a n  X p  P a 
2 P - p   COS^ + 

cos A p  P 

We may r e p r e s e n t  t h e  s o u g h t - f o r  no rma l  s e c t i o n , i n  t h e  c o o r d i n a t e  

s y s t e m  S 2 ( x 2 #  y 2 #  z 2  ) ,whose  o r i e n t a t i o n  w i t h  respect t o  S 2  is 

s i m i l a r  t o  t h e  o r i e n t a t i o n  of S1 w i t h  respect t o  S l ( F i g .  3 .3 ) .  

Us ing  e q u a t i o n s  

* *  * * 
* 

* * - * =2 
= X 2 #  y 2  - 0, z 2  = 2 coshp x ( 3 . 2 0 )  

wh ich  are s i m i l a r  t o  e q u a t i o n s  ( 3 . 1 1 )  I w e  may r e p r e s e n t  t h e  

normal  s e c t i o n  o f  S as  follows 2 

( 3 . 2 1 )  

E q u a t i o n s  s i m i l a r  t o  ( 3 . 2 1 )  r e p r e s e n t  t h e  normal  s e c t i o n  of 

t h e  " f i l l e t "  s u r f a c e .  To d e r i v e  t h e s e  e q u a t i o n s ,  we  h a v e  to sub-  

s t i t u t e  ppr 8 p #  b p a n d  ap by pP (f) I ep  ( f )  I b:f) # and a:f)in equat ions  

( 3 . 1 9 ) .  The normal  s e c t i o n  o f  t h e  " f i l l e t "  s u r f a c e  of t h e  r a c k  
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c u t t e r  P is r e p r e s e n t e d  i n  F i g .  2.2 .  

4 P r i n c i p a l  C u r v a t u r e s  a n d  D i r e c t i o n s  of Gear T o o t h  S u r f a c e s  

The p r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  o f  two c o n t a c t i n g  

s u r f a c e s  are n e c e s s a r y  t o  d e f i n e  t h e  s i z e  and d i r e c t i o n  o f  t h e  

c o n t a c t  e l l i p s e  a t  t h e  c o n t a c t  p o i n t .  I f  t h e  r e l a t i o n s  b e t w e e n  

t h e  p r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  of t w o  s u r f a c e s  w h i c h  

a re  i n  mesh are  known, t h e  s o l u t i o n  o f  t h i s  problem c a n  be s i g n i -  

f i c a n t l y  s i m p l i f i e d .  Such  r e l a t i o n s  were worked o u t  f i r s t  by D r .  

F. L. L i t v i n .  

S t e p  1: P r i n c i p a l  c u r v a t u r e s  and  d i r e c t i o n s  

g e n e r a t i n g  s u r f a c e s  1 and c F P 

The r a c k  c u t t e r  s u r f a c e  1 and 1 and t h e i r  1 F P 

of t h e  

n i t  n o r m a l s  are 

r e p r e s e n t e d  i n  t h e  c o o r d i n a t e  s y s t e m  S b y  e q u a t i o n s  ( 2 . 4 )  and 

(2.6), r e s p e c t i v e l y .  The p r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  for  
C 

a g i v e n  s u r f a c e  may be o b t a i n e d  b y  u s i n q  R o d r i g u e s ’ e q u a t i o n  [SI : 

0 

K V = -n  ( 4 . 1 )  I ,I1 -r -r 

are t h e  p r i n c i p a l  c u r v a t u r e s :  yr is r e l a t i v e  KI , I1 Here : 

v e l o c i t y  of t h e  p o i n t  of c o n t a c t  i n  i t s  m o t i o n  o v e r  t h e  s u r f a c e ,  

and is t h e  v e l o c i t y  of t h e  t i p  o f  t h e  u n i t  normal  i n  t h e  above  

m o t i o n .  E q u a t i o n s  ( 2 . 4 )  and (2.6) y i e l d  t h e  f o l l o w i n g  
-r 

e x p r e s s i o n s  f o r  t h e  p r i n c i p a l  d i r e c t i o n s  and c u r v a t u r e s :  
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( i  = F, P) (4.2) 

(i) 
K 
I1 = 0, ( i  = P) 

(4.3) 

S u b s c r i p t s  I and I1 d e s i g n a t e  t h e  t w o  p r i n c i p a l  d i r e c t i o n s  and  

c u r v a t u r e s :  t h e  u n i t  v e c t o r s  A:i) and i ( i )  are g i v e n  i n  t h e  

c o o r d i n a t e  s y s t e m  Sc b u t  t h e y  a r e  r e p r e s e n t e d  i n  t h e  c o o r d i n a t e  

s y s t e m  S by t h e  same matr ices .  The a b o v e  u n i t  v e c t o r s  may a l so  

be c o n s i d e r e d  a s  t h e  u n i t  v e c t o r s  of a x e s  yt a n d  zt o f  t h e  

c o o r d i n a t e  s y s t e m  St which  is r i q i d l y  c o n n e c t e d  t o  t h e  rack 

c u t t e r  s u r f a c e s ,  

x 

and zp a l o n g  t h e i r  l i n e  o f  t a n g e n c y ,  a x i s  z t .  

C p  are t h e  c e n t e r s  o f  t h e  p r i n c i p a l  c u r v a t u r e s  gF) and KI 

( F i g .  4.1 c ) .  

-11 

f 

a n d 1  ( F i g .  4.1). The u n i t  v e c t o r  of t h e  IF P 
- a x i s  c o i n c i d e s  w i t h  t h e  common u n i t  no rma l  to  s u r f a c e s  CF 

t 
C e n t e r s  C F  and 

(PI 

The column matrices [ iy)] and 

f t  

[ i may be a l so  d e r i v e d  by 

u s i n g  t h e  m a t r i x  [L  ] which  r e p r e s e n t s  t h e  t r a n s f o r m a t i o n  of 

d i r e c t i o n  c o s i n e s  i n  t r a n s i t i o n  from S t o  S Using  t h e  d r a w i n q s  

of F i g .  4.1 c ,  F iq .  2.3 and F i g .  3.1, w e  o b t a i n  
t f. 
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s i n e i  1 
sineisinhi 

- s ine  icosA 

( 4 . 4 )  

where: i = F ,  P and 

8 .  i s  the p r e s s u r e  a n g l e  (FIg. 4 . 1  c )  
1 

Step 2:  

W e  may de termine  t h e  p r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  of C 

P r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  of C1 . 
1 

by u s i n g  t h e  f o l l o w i n g  e q u a t i o n s :  

I I1 I I1 

( 4 . 5 )  

( 4 . 6 )  

( 4 . 7 )  

( 4 . 9 )  

(4.10) 
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(4.11) 

(4.12) 

(4.13) 

A l l  t h e  v e c t o r s  o f  e q u a t i o n s  (4.5) - (4.13) are r e p r e s e n t e d  i n  

t h e  c o o r d i n a t e  s y s t e m  S and the c o o r d i n a t e  s y s t e m  S c o i n c i d e s  

w i t h  Sf ( F i g .  3.1): 
f h 

are t h e  p r i n c i p a l  c u r v a t u r e s  o f  I1 and K KI 
(F) and  i (1) 

(1) (1) 
- I  

(F1) is t h e  a n g l e  w h i c h  'is formed by v e c t o r s  i 
- I  8 0 

on where  tI 
s u r f a c e  C1; KI (F) = - - and K (F) = 0 are t h e  p r i n c i p a l  c u r v a t u r e s  

o f  CF . L e t  u s  d e r i v e  t h e  f o l l o w i n g  a u x i l i a r y  e q u a t i o n s  

is t h e  u n i t  v e c t o r  € o r  t h e  p r i n c i p a l  d i r e c t i o n  I 

I1 pF 

r o  
(4.14) 

Vector .., w (F) 

m o t i o n  ( F i g .  3.1 a )  

= 0 b e c a u s e  t h e  r a c k  c u t t e r  p e r f o r m s  t r a n s l a t i o n a l  

(4.15) 

(4.16) 

The p o i n t  o f  c o n t a c t  of s u r f a c e s  El and C2 l i e s  o n  a s t r a i g h t  

l i n e  wh ich  passes t h r o u g h  t h e  p o i n t  whose c o o r d i n a t e s  are g i v e n  

b y  
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- (1) 
f F 1 - pFsineF - b + r X (4.17) 

(1) 
yf = - (p, coseF- bFco tBF)s inXF (4.18) 

aF + b co teFtanXFsinXF + r l $ l t a n $  F 
i$) = pF coseFcQsh - - 

F cos),, 

(4.19) 

Here B F  = B p =  8 is  t h e  p r e s s u r e  a n g l e  a t  t h e  p o i n t  of c o n t a c t  of 

s u r f a c e s  C1 and C2. E q u a t i o n s  (4.17) - (4.19) may be d e r i v e d  

f rom e q u a t i o n s  (1.9) w i t h  p = 0 t a k i n g  i n t o  a c c o u n t  t h a t  t h e  

c o o r d i n a t e  s y s t e m  S c o i n c i d e s  w i t h  S 

o f  t h e  rack c u t t e r  is ( F i g .  3.1, a ) :  

1 
The t r a n s f e r  v e l o c i t y  f '  h 

0 

-0 (1)r 

0 

(4.20) 

The t r a n s f e r  v e l o c i t y  of a p o i n t  o f  gear 1 is  g i v e n  by 

(1) w ... 

(4.21) 
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The s l i d i n g  v e l o c i t y  is g i v e n  by 

3 

Thus ,  w e  o b t a i n  (see e q u a t i o n s  ( 4 . 2 1 ) ,  ( 4 . 2 )  and ( 4 . 3 ) ) :  

( 4 . 2 4 )  

u s i n g  e q u a t i o n s  ( 4 . 1 1 1 ,  ( 4 . 1 2 ) ,  ( 4 . 1 5 ) ,  ( 4 . 1 6 ) ,  ( 4 . 2 3 1 ,  ( 4 . 2 4 )  

( 4 . 2 ) ,  and  ( 4 . 3 1 ,  w e  o b t a i n  

(1) b F s i n h F  
a 3 1 = - O  pFs ineF  

Using  e q u a t i o n s  ( 4 . 1 3 1 ,  ( 2 . 6 1 ,  ( 4 . 2 0 )  and ( 4 . 2 1 1 ,  w e  g e t  

( 4 . 2 5 )  

( 4 . 2 6 )  

( 4 . 2 7 )  

a s  (1) (1) (1 1 
W e  may now d e r i v e  t h e  f i n a l  e x p r e s s i o n s  f o r  F , G a n d  S 

f o l l o w s ;  

( 4 . 2 8 )  
Al 
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2 2 s i n  eFcos X F  

A1 [z sinXFT 2 
S (1) - - -  s i n e F  ' + s i n  eFcos x F 

A1 

( 4 . 2 9 )  

( 4 . 3 0 )  

Here 

] ( 4 . 3 1 )  + s i n  8 F cos XF 2 

E q u a t i o n s  ( 4 . 5 )  - ( 4 . 7 )  and ( 4 . 2 5 )  - ( 4 . 3 1 )  d e t e r m i n e  t h e  

p r i n c i p a l  c u r v a t u r e s  a n d  d i r e c t i o n s  o f  s u r f a c e  C1 a t  t h e  p o i n t  

of contact of surfaces  C a n d z  2 .  1 

S tep  3: P r i n c i p a l  c u r v a t u r e s  a n d  d i r e c t i o n s  of C 

The p r i n c i p a l  c u r v a t u r e s  o f  t h e  rack c u t t e r  C are: K = --, 
= 0 ;  t h e  p r i n c i p a l  d i r e c t i o n s  o f  C a r e  t h e  same as  of C 

1 (PI 

PP P 1 

F ;  TI P K 

U s i n g  s imi la r  d e r i v a t i o n s ,  w e  o b t a i n  

( 2 )  
X f  = p P s i n e p -  bp - r 2  + c 

( 2 )  
y f = - ( p  P cosep- bpcotep)s inXp 

34 

( 4 . 3 2 )  

( 4 . 3 3 )  

( 4 . 3 4 )  

( 4 . 3 5 )  

( 4 . 3 6 )  



( 2 )  a 
+ bpcote sinXptanXp + r2@.,tanXp 

Zf P cosXp ? L. 

= pp~osepcos~ - 
( 4 . 3 7 )  

( 4 . 3 8 )  

( 4 . 4 2 )  
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Here 

- -  bP sinXpcosXp 
PP 

A2 

(Yt2))2 A, 

( 4 . 4 6 )  

2 
2 2 - s i n  epcos xp 

- 6  - 
A2 (4 .47 )  

b p s i n h p  
pps ine  + s i n  epcos X p  ( p ) 2  2 2 

- - 

A2 (4 .48 )  

The p r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  of C 2  are d e t e r m i n e d  a s  

f o l l o w s  

( 4 . 5 0 )  

( 4 . 5 1 )  

( 4 . 5 2 )  

Example 4.1: P r i n c i p a l  C u r v a t u r e s  and D i r e c t i o n s  of Gear T o o t h  

S u r f a c e s  
i n .  i n .  Given: The r ack  parameters PF = 0 . 7  , P p  = 0.775 ( S e e  

F ig .  2 . 1  and F i g .  2 . 2 ) ;  t h e  g e a r  parameters: No. o f  t e e t h  N 1 =  
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1 2 ,  N 2  = 94 ;  l e a d  ang leXF = A p  = 75': n o m i n a l  pressure a n g l e  

8 = 30 ' ;nonnal  diametral  p i t c h  P = 2;  
0 

n 
(1) P i n i o n :  B y  u s i n g  e q u a t i o n s  ( 4 . 5 )  - ( 4 . 3 1 )  w e  ob ta in  

A1 = 1.70882,  F ( l )=  -0.02549, G ( l ) =  -0 .05648,  S ( l ) =  -0.07608, 

p r i n c i p a l  d i r e c t i o n  0 (F1) = 0.982940 ( F i g .  

c u r v a t u r e s  : 

and  t w o  p r i n c i p a l  

( l )=  -1.49529,  K~~ = -0.00936. KI 
( 2 )  Gear 2: By u s i n g  e q u a t i o n s  ( 4 . 3 2 )  - (4 .521 ,  w e  ob ta in  

= 11.98175,  F ( 2 )  = 0.00429, 'G(2)  = 0.01179,  S ( 2 ) =  0.01458, 

p r i n c i p a l  d i r e c t i o n  0 = -0.19237' ( S e e  F i g .  5 . l ) ,  and  two 
A2 

( 2 )  = -1.27715, K::'= 0.00141. K I  p r i n c i p a l  c u r v a t u r e s :  

5. C o n t a c t i n q  E l l i p s e  

The t a n g e n t  p l a n e  t o  gear  t o o t h  s u r f a c e s  is  formed by axes yt 
(F ,P)  

and i r e p r e s e n t  
V I P )  

and zt ( F i g .  5.1 a ) .  The u n i t  vectors i 

t h e  p r i n c i p a l  d i r e c t i o n s  of surfaces cF a n d  X p  o f  t h e  rack 
-I - I1 

.(F I P) c u t t e r s .  A n g l e s  (J (F1)and 0(p2! m e a s u r e d  c o u n t e r - c l o c k w i s e  from ... iI 
d e t e r m i n e  t h e  p r i n c i p a l  d i r e c t i o n s  of gear  t o o t h  s u r f a c e s  C1 and  C 2 t  (1) ( 2 )  
r e spec t ive ly ,  w i t h  t h e  u n i t  v e c t o r s  i and  i . 

-I -I 
(1) (1) ,(a ( 2 )  C o n s i d e r  t h a t  t h e  p r i n c i p a l  c u r v a t u r e s  K~ , K~~ , I , %I 

of s u r f a c e s  C1 and  C 2  are known. A l s o  known are angles (J (F1) anda(Pi 

W e  may t h e n  d e t e r m i n e  t h e  d i m e n s i o n s  of t h e  a x e s  of t h e  

c o n t a c t i n g  e l l ipse w i t h  r e s p e c t  t o  t h e  e l a s t i c  a p p r o a c h  of gear 

t o o t h  surfaces a n d  t h e  o r i e n t a t i o n  o f  t h e  c o n t a c t i n g  e l l i p se  i n  

t h e  t a n g e n t  plane T. The e q u a t i o n s  t o  be u s e d  are a s  f o l l o w s  

A = 1. 4 [I$;' - 2;)- (9: - 2 9  1 2  g c o s 2 0  + g: ) 
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1 ( 2 ) +  cg; - 2g g cos20 + g; 1% 3 = f W’- KC 1 2  

( 5 . 1 )  

s i n  2a  = y 2 s i n  20  

t h e  e l a s t i c  a p p r o a c h  of gear  t o o t h  s u r f a c e s ; a  and  b a r e  t h e  axes  

of t h e  con tac t i ‘ng  e l l i p s e a n d a  i s  t h e  a n g l e  wh ich  d e t e r m i n e s  t h e  

o r i e n t a t i o n  of c o n t a c t i n g  e l l i p s e .  A n g l e  a is formed by t h e  

rl - a x i s  and u n i t  v e c t o r  i(’) and measu red  c o u n t e r - c l o c k w i s e  from 

a x i s  rl t o  i ( ’ ) ( F i g .  5.1 b ) .  A x e s  and  5 are  d i r e c t e d  a l o n g  t h e  

b- and  a-axis  of t h e  c o n t a c t i n g  e l l i p se .  The m a g n i t u d e s  o f  a and 

--I 

“I 

b a re  e x p r e s s e d  i n  terms o f  t h e  e l a s t i c  a p p r o a c h 6  which  can be 

o b t a i n e d  f r o m  e x p e r i m e n t s  o r  c a l c u l a t e d .  

Example 5.1:  Dimens ion  a n d  O r i e n t a t i o n  of C o n t a c t i n g  E l l i p s e  

The  nominal r a c k  and gear p a r a m e t e r s  are t h e  same as given 

i n  Example 4.1,  

.(p2) = -0.19237O; t he  t w o  pr incipal  curvatures  for  p in ion  

surface C1 are K ( l )= 1.49529 and K~~ ( l )=  -0.00936, and t w o  

( 2 ) =  -1.27715 and I1 pr inc ipa l  curva tures  for  gear s u r f a c e  C 2  are K 

I n  Example 4.1, we found 0 (F1) = 0.98294’, 

( 2 )  = 0.00141.  I1 K By s u b s t i t u t i n g  these values i n t o  equat ion 

( 5 , 1 ) ,  w e  obtain A = 0.1110,  B = 0.0035,  a = 3.0026,  

b = 16.91586 and a = 82.9392O. 
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6 Velocity of Motion of the Contacting Ellipse Over Gear 
Tooth Surf ace 

The velocity of motion of the symmetry center of the 

contacting ellipse over surface C1 is represented by the 

following equations [ 5 , 6 ]  : 

allXl + a12X2 = bl 

a21X1 + a22X2 = b2 (6.1) 

Here : 

all = - K ~  (l)+ L(  2 K c c  ( 2 )  + g2cos20); 

40 



- 

( F i g .  5.1 a ) ;  (2) t o  iI (1) and m e a s u r e d  c o u n t e r - c l o c k w i s e  from I 
(2) and  i ,  r e p r e s e n t  t h e  p r i n c i p a l  d i r e c t i o n s  of s u r f a c e s  El . (1) 

51 a. 

and C 2 .  n w is t h e  u n i t  normal  t o  t h e  c o n t a c t i n g  s u r f a c e s  

r e p r e s e n t e d  i n  t h e  c o o r d i n a t e  sys t em S f  by e q u a t i o n s  (1 .2) ;  ,w (1) 

and $(’) a r e  t h e  a n g u l a r  v e l o c i t i e s  of gear 1 a n d  2 , w  (12) - - - 
; %t;lr (i) is t h e  t r a n s f e r  v e l o c i t y  o f  t h e  c o n t a c t i n g  i!? i!? 

el l ipse i n  t h e  t r a n s f e r  m o t i o n ,  wi th  gea r  i ( i  = 1 , 2 ) .  Here: 

(1) - (2) 

(1) 
ytr - 

p o s i t i o n  v e c t o r  o f  t h e  p o i n t  c o n t a c t  r e p r e s e n t e d  b y  e q u a t i o n s  (4 .17 )  - 
(2) is  t h e  s l i d i n g  (la= (1) - Y t r  + r )  i; v 

( rl 2 -  -tr ( 4 . 1 9 ) ;  c = 
a. 

v e l o c i t y .  C o n s i d e r i n g  t h e  c o o r d i n a t e  s y s t e m  S f  , w e  h a v e  

pFsinOF - bF + r l  

- ( pFcos O F  - bFcot OF)  s i n  X F  

+ bFcotOFtanhFs inXF + rl $ltanXF aF p C O S O ~ C O S X ~  - - F C0SXF 

( 6 . 2 )  

(1) = ff 

4 1  



lo 

Using coordinate transformation, we can 

Sf to S by using Fig. 2.3, Fig. 3.1, 

We obtain: 
9 

[~qf] = [~qt] [ ‘tal [Lac] [ “cf] 

from coordinate system 

c and Fig. 6.1 a. 

- 
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Fig. 6.1 
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0 4 (2) = [Lqf] [q'] 

(F '1 coslF + sina (F 

sineFsinu (F, l ) c o s ~ ~  + cosu (F 

sinXF 

sinh, 
= m21u 

(6.11) 

(6.12) 

4 4  



-[f I 
( 6 . 1 6 )  

I - 

( 6 . 1 7 )  

A l s o ,  w e  may represent t h e  u n i t  vectors i ( l)  a n d  i ( l )  of t h e  p r i n c i p a l  

d i r e c t i o n s  of s u r f a c e  C i n  c o o r d i n a t e  s y s t e m  S as  follows: (Fig. 6 . l b ) :  
1 q 

-I -1 I 

( 6 . 1 8 )  

( 6 . 1 9 )  
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( 6 . 2 2 )  

( 6 . 2 3 )  

1 (pX "(1) - t r  -9 -tr (9) 

(u (1) ) 2 I-y:l)coseFsinA + xi1)s ineF1 

= mZ1(u (1) ) 2 [-y:l)coseFsinXF + (x i1) -  c ) s i n e F ]  

= m21 F 
( 6 . 2 4 )  

" ( 2 )  ) 
.., .., - tr . (?q -tr (9) 

[ n ( 1 ) u ( 1 ) v ( 2 )  

( 6 . 2 5 )  
An easier  me thod  of d e r i v i n g  equat ions ( 6 . 2 0 )  - ( 6 . 2 5 )  i s  t o  

c o n s i d e r  t h e  t a n g e n t  p l a n e  i n  F iq .  4 . l a  and t h e  t w o  u n i t  

(1) and i y ; a l o n g  t h e  t w o  p r i n c i p a l  d i r e c t i o n s  of gear  v e c t o r s  i I  

sur face  C1. 

.., ... 

T h e  projections of i.. (1) a n d  iII (1) a l o n g  a x i s  X , Y and  z a r e  
e x p r e s s e d  a s :  

(1) 
i -It ( 6 . 2 6 )  

( 6 . 2 7 )  

4 6  



u s i n g  the m a t r i x  t r a n s f o r m a t i o n  of d i r e c t i o n  c o s i n e s  i n  t r a n s i t i o n  

f rom St t o  Sf (Fig. 4 . 1  c ) ,  we o b t a i n  

1 s i n e F  cos eF 0 

-cose s i n h ,  s i n e  s i n h F  coshF 

cose cosh  - s i n e  c o s h F  s i n h F  
F F 

F F F 

( F f  1) 
= [ cos eF c o s 0  

47 

(6.28) 

(6.29) 

(6.30) 



( 6 . 3 1 )  

where:  c = ( r l  + r2) i 
5 ... 

1 0 

0 1 

0 0 =I 0 0 

( 6 . 3 2 )  

pFs i ne , - bF + '1 

- ( pF cose, - bFco t o F  ) s id, 

p p s e  , C O S X ,  - cosX, + b F  coteFtanXFsinXF + r141tanXE 

( 6 . 3 4 )  

4 8  

(6 .35 )  

(6 .36 )  



i 

0 
... 

( 1 )  
f 

X 

i ... 
C 

0 
+ 

1 :I 1 0 

0 1 

0 0 

F 

F 

s i n e  

-cos6 s i n  

(6.37) 

(6.38) 

(6.39) 

4 9  



,f j ... k f  
(1) 

21° 0 

s i n g F  

F - coseF s i n  A 

Comparing t h e  e x p r e s s i o n s  i n  e q u a t i o n s  ( 6 . 2 0 )  - ( 6 . 2 5 )  and  ( 6 . 4 0 )  

- (6 .45)  we o b t a i n e d  t h e  same r e s u l t s .  S u b s t i t u t i n g  t h e s e  

e x p r e s s i o n s  i n t o  e q u a t i o n  ( 6 . 1 ) ,  w e  g e t  t h e  c o e f f i c i e n t s  a31, a 3 2  

50 



b l ,  b 2  and  b3. 

l i n e a r  e q u a t i o n s  w i t h  t w o  unknowns: 

E q u a t i o n s  (6.1) r e p r e s e n t  a system of t h r e e  

bl 

b3 

b 2  

(6 .46 )  

= 0 

w h e r e  v ( ' ) i s  t h e  v e l o c i t y  of mot ion  o v e r  t h e  gear  t o o t h  s u r f a c e  E l -  -r 
T h e s e  e q u a t i o n s  p r o v i d e  a u n i q u e  s o l u t i o n  f o r  x and x i f  t h e  

1 2 
f o l l o w i n g  c o n d i t i o n  is o b s e r v e d  [ 5 , 6 ] :  

11 

2 1  

31 

a 

a 

a 

1 2  

22 

32 

a 

a 

a 

(6 .47 )  

I t  i s  assumed t h a t  s u r f a c e s  C1 a n d C 2  a r e  i n  p o i n t  c o n t a c t  a t  

e v e r y  i n s t a n t .  

( 6 . 1 )  w e  may d e t e r m i n e  x and  x and t h u s  V r  

Us ing  a n y  t w o  e q u a t i o n s  of t h e  s y s t e m  e q u a t i o n s  

( I ) =  (&2)+ x ( 2 \ +  
2 1 2 

An a l t e r n a t i v e  method of d e r i v i n g  t h e  r e l a t i v e  v e l o c i t y  v (1) -r 

a t  t h e  p o i n t  of c o n t a c t  M is: 

S t e p  1 The p o i n t  of c o n t a c t  of s u r f a c e C 1 a n d  C 

s t r a i g h t  l i n e  which  p a s s e s  t h r o u g h  t h e  f o l l o w i n g  

e q u a t i o n s  : 

l i e s  o n  a 2 

( 6 . 4 8 )  
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Here, B F =  BP = 8 = 30' is t h e  p r e s s u r e  a n g l e  a t  t h e  p o i n t  o f  con-  

t a c t  o f  s u r f a c e  C1 and C2 

o f  a p o i n t  o n  g e a r  1 is: (1) S t e p  2 The t r a n s f e r  v e l o c i t y  vtr .., 

S t e p  3 The d i r e c t i o n  o f  a b s o l u t e  

(6 .49 )  

v e l o c i t y  yabs o f  p o i n t  M of 

(1). 
f g e a r  1 is p a r a l l e l  t o  t h e  a x e s  of g e a r  r o t a t i o n  Z 

Hence 

d+ 3 = ( - p p i n e F c o s X F -  -- bF tanhFsinXF) dt deF + (rltafiXF) dt 
2 s i n  B F  

( 6 . 5 0 )  
$1 - 0 and-= ~ ( l ) .  T h e r e f o r e ,  we have:  Here: - - deF 

d t  d t  

(6 .51 )  

S t e p  4 The r e l a t i v e  v e l o c i t y  v;')of .., p o i n t  M o f  gear  1 is: 

( y r )  is t a n g e n t  t o  t h e  h e l i x  of gear 1) 
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( 6 . 5 2 )  

w h e r e  v ( ~ )  is t h e  r e l a t i v e  v e l o c i t y  of t h e  c o n t a c t  p o i n t  M of g e a r  

2 ;  v (12) is t h e  s l i d i n g  v e l o c i t y  e x p r e s s e d  i n  e q u a t i o n  ( 6 . 7 ) .  
-r 

, 

Example  6.1: R e l a t i v e  Ve loc i ty  of Mot ion  of t h e  C o n t a c t i n g  
t 

E l l i p s e  Over  t h e  Gear T o o t h  S u r f a c e  

The r ack  c u t t e r  and g e a r  nominal parameters  are t h e  same 

as g i v e n  i n  Example 4.1.  

(1) W e  may determine t h e  r e l a t i v e  v e l o c i t y  i n  t h e  motion of 

t h e  c o n t a c t i n g  e l l i p s e  ove r  t h e  gear  t o o t h  s u r f a c e  C1 by us ing  

e q u a t i o n s  ( 6 . 1 )  - ( 6 . 4 6 ) .  Then we o b t a i n  X 1  and X2 ,  t h u s  

b 

b 

( l )= (XI 2 + X i ) *  = 12 .06574  o (1) 
'r 

and u = 16.1479O i s  t h e  a n g l e  formed by Vi l ' and  a x i s  Zf (1) . 
* 

The v e l o c i t y  yi2)of  t h e  m o t i o n  o v e r  s u r f a c e  c2 may b e  d e t e r m i n e d  by 

u s i n g  t h e  f o l l o w i n g  e q u a t i o n s  [ 5 ]  : 

t E q u a t i o n  ( 6 . 5 3 )  y i e l d s  1 

( 6 . 5 3 )  

( 6 . 5 4 )  
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-1 

(2) By using equations (6.48) - (6.52) to solve Vr (1) , we .I 
m 

obtain 

(3) From equation (6.541, we have 

and B = 14.8674O is the angle formed by Vi2)and axis Zf (2) . .., 
Note: 

transformation for approach (11, there is a small difference 

between the approaches (1) and (2) , and approach (2) is better 
than approach (1). 

Due to a lot of computational procedures and matrix 

7 Computer Aided Simulation of Conditions of Meshing 

We simulated the conditions of meshins of gears, which have 

some errors, using the equations of continuous tangency of gear too 

surfaces. 

connected to the qears and sh and Sf, rigidly connected to the 

frames. 

to Sf, we may represent the equations of the surfaces Ci(i = 

1,2) and its surface normal in coordinate system Sf. 

We set up four coordinate systems: SI and S2, rapidly 

By usinq the coordinate transformations from SI via Sh 

The conditions of continuous tangency of gear tooth surfaces 

C 1  and C2 are represented by the following equations [5,61: 



Equation (7.1) expresses that surfaces C1 and C2 have a common 

point determined with the position vectors r(')and T~ (2) . 
-f 

Equation (7.2) indicates that surfaces 11 and 12 have a common unit 

normal at their common point. Equations (7.1) and (7.2) when 

considered simultaneously yield a system of only five independent 
equations, since [Ef (1) I = [ cf (2) I =  1. These five equations 

relate six unknowns: 

unknowns may be considered as a variable. 

+it @i, O p t  G2, @ i t  and thus one of these 

8 Influence of Kanufacturinq and Assembly Errors, and Adjustment 
of Gears to the Errors 

(i) Change of Axes Distance 

Fig. 8.la and Fig. 8.lb show that the operating center 

distance C' is not equal to the sum of the radic of pitch 

cylinders in this case; Thus C' # rl + r2. Considering the gear 

tooth surface C1 and its unit normal nl, and gear tooth surface C2 

and its unit normal n2 are represented in the coordinate systems 

SI and S2, respectively. We may represent Ci and ni .., (i = 1,2) in 

the coordinate system Sf using the following matrix equations: 

.., 

.., 

where (Fig. 8.1): 

0 1 0 I o  L o  0 0 1 

5 5  



(b) ?i' 0 0 

0 
0 

3 I 
0 

0 
0 
0 f l  a 

Fig. 8.1 
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[ Mf2] = 

0 

1 

- s i n @ '  o 2 
C O S @ '  0 2 

0 0 1 

0 0 0 

cos @ ' 2 
s i n @ '  2 

where :  

[ L f l ]  = 

[ Lf2] = 

O 1  
cosq s i n q  

- s i n q  cosq 0 I 
0 l 1  0 

C O S @ '  0 2 

cos 4 '  2 
s i n @  I 2 
0 0 

@i 
t h e  m a t i n g  g e a r ,  w h i l e  @ 

1 and  g e a r  2 i n  mesh w i t h  t h e  c o r r e s p o n d i n g  r a c k  c u t t e r .  

and  @ I  are  t h e  angles  o f  r o t a t i o n  of t h e  g e a r  i n  mesh o i t h  2 

and @ 1 2 a r e  t h e  a n g l e s  of r o t a t i o n  o f  g e a r  

Us ing  e q u a t i o n s  ( 8 . 1 1 ,  ( 8 . 2 )  o r  ( 1 . 9 )  - ( 1 . 1 4 )  and  ( 7 . 1 1 ,  

( 7 . 2 )  y i e l d  t h e  f o l l o w i n g  p r o c e d u r e  f o r  c o m p u t a t i o n s :  

(1) = n ( * )  w e  ob ta in  S t e p  1: Using  e q u a t i o n s  n 
zf z f  

P 
cose COSA = cose COSA 

F F P 
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E q u a t i o n  ( 8 . 3 )  w i t h h F =  X p  = X y i e l d s  t h a t  

eF = e p  = e 

w e  o b t a i n  t h e  f o l l o w i n g  s y s t e m  of t h r e e  e q u a t i o n s  i n  t h r e e  

unknowns ( 8 , pl a n d p 2  ) : 

s i n e s i n p  1 - c o s 8 s i n h c o s p l =  - s i n O s i n p  2 - c o s e s i n h c o s p  2 

( p F s i n e  - bF) ( s i n e s i n p l -  c o s e s i n h c o s p  + r s i n e s i n p  = 

- (p,s ine - b p )  
A _  2 2 2 2 

( p  s i n e  - b 1 ( s i n e c o s p l +  c o s e s i n h s i n p  1 ) + r 1 s i n 8 c o s p l  = F F 

( p  s i n e  - b ) ( s i n e c o s p 2  - c o s 8 s i n h s i n p 2 )  - r 2 s i n e c o s p  2 + P P 
C ' s i n e  ( 8 . 7 )  

(8 .5)  

1 1 1 
( s i n e s i n p  + c o s e s i n h c o s p  ) + r s i n e s i n p  ( 8 . 6 )  

+ A C  and  AC i s  t h e  c h a n g e  o f  c e n t e r  d i s t a n c e .  

The s o l u t i o n  t o  t h e s e  e q u a t i o n s  f o r  8 , p l a n d  p 2 p r o v i d e s  con- 

s t a n t  v a l u e s  whose m a g n i t u d e  d e p e n d s  o n  t h e  o p e r a t i n g  c e n t e r  d i s -  

t a n c e  C I  o n l y  ( t h e  c h a n g e  of ' t h e  c e n t e r  d i s t a n c e ,  AC) . The loca- 

t i o n  of t h e  c e n t e r  of t h e  c o n t a c t i n g  e l l i p se  is d e t e m i n e d  by 8 (Ac). 
T h u s ,  t h e  b e a r i n g  c o n t a c t  a lso d e p e n d s  on  AC. 

r l  + r 2  P.;here: C = 

We may c h e c k  u p  t h e  s o l u t i o n  t o  e q u a t i o n s  (8.5), ( 8 . 6 )  and 

( 8 . 7 )  u s i n g  t h e  e q u a t i o n  n ( ' )=  n ( 2 )  wh ich  y i e l d s  xf xf 

s i n e c o s p  1 + c o s e s i n h s i n p l  = s i n e c o s p 2 -  c o s e s i n ~ s i n p ~  

Step 3: Knowing 8 ,  w e  may d e t e r m i n e  t h e  r e l a t i o n  be tween  para- 
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= z ( 2 ) w h i c h  y i e l d s  meters $ 2 ~ s i n g  e q u a t i o n  z f  f 

a 
+ b c o t e t a n h s i n h  + r l @ l t a n h  = F cosecosh - cash F 

2 
E q u a t i o n  ( 8 . 9 )  p r o v i d e s  a l i nea r  f u n c t i o n  wh ich  re la tes  4 and 0 

s i n c e  8 is c o n s t a n t .  
1 

S t e p  4:  I t  is e a s y  t o  p r o v e  t h a t  s i n c e  0 , p l  a n d  p2 h a v e  c o n s t a n t  

v a l u e s , t h e  a n g u l a r  v e l o c i t y  r a t i o  f o r  t h e  gears d o e s  n o t  depend on 

t h e  c e n t e r d i s t a n c e .  The proof is b a s e d  on  t h e  f o l l o w i n g  

c o n s i d e r a t i o n s :  ( i )  E q u a t i o n  (8 .9 )  w i t h  8 = c o n s t  y i e l d s  t h a t  

9 '  are c o n s t a n t ,  w e  o b t a i n  t h a t  d $ =  d @ l ,  d $ i  = d$2,and 2 

(8.10) 

a n d  p h a v e  c o n s t a n t  I t  is e v i d e n t  t h a t  s i n c e  0 ,pl 2 Step  5: 

v a l u e s ,  t h e  l i n e  o f  a c t i o n  o f  t h e  g e a r  t o o t h  s u r f a c e s  r e p r e s e n t s ,  

i n  t h e  f i x e d  c o o r d i n a t e  s y s t e m  S a s t r a i q h t  l i n e  wh ich  is f' 
(i) 
f p a r a l l e l  t o  t h e  z - a x i s .  W e  may d e t e r m i n e  t h e  c o o r d i n a t e s  x 

a n d  ~ ( ~ ) ( i  = l , 2 )  of t h e  l i n e  of a c t i o n  u s i n g  e q u a t i o n s  ( 1 . 9 )  or 

( I . l 2 ) ( see  Appendix I ) .  The l o c a t i o n  o f  t h e  i n s t a n t a n e o u s  p o i n t  

o f  c o n t a c t  o n  t h e  l i n e  of a c t i o n  may be r e p r e s e n t e d  as  a f u n c t i o n  

f 

f 

o f  4 i :  
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( 8 . 1 1 )  

S t e p  6: W e  may also derive a n  a p p r o x i m a t e  e q u a t i o n  wh ich  relates 

8 a n d  t h e  c h a n g e  of t h e  c e n t e r - d i s t a n c e ,  AC. S i n c e  p 1  and  p 2  are 

s m a l l ,  w e  assume C O S p i  = 1 a n d  s i n p i  = 0 i n  e q u a t i o n  ( 8 . 7 ) .  

t h e n  o b t a i n  

We 

p s i n 6  - b + rl = p p s i n 6 ' -  hp - r2  + C '  F F 

where C' = r + r 2 +  AC 1 
Equa t ion  ( 8 . 1 2 )  y i e l d s  

AC + bF - bp 
'F - 'P s i n 6  = 

(8.12) 

( 8 . 1 3 )  

The nominal v a l u e  of e o  which  c o r r e s p o n d s  t o  t h e  t h e o r e t i c a l  

v a l u e  of t h e  center  d i s t a n c e  C ,  where C = r + r2,  is g i v e n  by 

b i  - bi 
s i n e o  = - P; 

(8 .14 )  

Compensat ion fo r  t h e  L o c a t i o n  of  Bea r ing  C o n t a c t  Induced  by AC 

The s e n s i t i v i t y  o f  t h e  g e a r s  t o  t h e  c h a n g e  o f  center 

d i s t a n c e ,  A C ,  may b e  r e d u c e d  by  i n c r e a s i n g  t h e  d i f f e r e n c e  ( p F  - p p ( .  

However, t h i s  r e s u l t s  i n  t h e  i n c r e a s e  o f  c o n t a c t i n g  stresses. 

The d i s l o c a t i o n  of t h e  b e a r i n g  contact  may b e  compensa ted  

f o r  by r e f i n i s h i n g  of o n e  o f  t h e  g e a r s  ( p r e f e r a b l y  t h e  p i n i o n )  
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w i t h  new too l  s e t t i n g s .  

C o n s i d e r  t h a t  8' is t h e  n o m i n a l  v a l u e  f o r  t h e  p r e s s u r e  

a n g l e ;  b i  and  b; are t h e  nominal  v a l u e s  fo r  t h e  m a c h i n e  s e t t i n g s  

and  P O ,  p o  are  t h e  n o m i n a l  v a l u e s  f o r  t h e  r a d i i  of c i r c u l a r  a rcs .  

T h e s e  p a r a m e t e r s  are  re la ted b y  e q u a t i o n  ( 8 . 1 4 ) .  The l o c a t i o n  o f  

t h e  b e a r i n g  c o n t a c t  w o n ' t  b e  changed i f  t h e  p i n i o n  is r e f i n i s h e d  

F P  

w i t h  a new tool s e t t i n g  bF d e t e r m i n e d  a s  follows (see e q u a t i o n  

(8 .13) :  

AC + bF - b; 
sineo = 

P; - P i  

b = bo - AC 
F F 

(8.15) 

( 8 . 1 6 )  

b Change o f  Machine-Tool S e t t i n g s  bF and P 

The change  o f  m a c h i n e - t o o l  s e t t i n g s  b F  and bp c a u s e s :  ( i )  

t h e  c h a n g e  of g e a r  t o o t h  t h i c k n e s s  and b a c k l a s h  b e t w e e n  t h e  

m a t i n g  t e e t h ,  a n d  ( i i )  t h e  d i s l o c a t i o n  of t h e  b e a r i n g  c o n t a c t .  

The m o s t  d a n g e r o u s  r e s u l t  is t h e  d i s l o c a t i o n  o f  t h e  b e a r i n g  

contact  . 
Using  s imi la r  p r i n c i p l e s  o f  i n v e s t i g a t i o n ,  w e  may r e p r e s e n t  

t h e  new v a l u e  o f  t h e  p r e s s u r e  a n g l e  which  c o r r e s p o n d s  t o  t h e  

changed  m a c h i n e - t o o l  s e t t i n g s  by  u s i n g  t h e  f o l l o w i n g  e q u a t i o n  

bF- bP 
sine = 

P; P; 
( 8 . 1 7 )  
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Here: bF and bp a r e  t h e  c h a n g e d  s e t t i n g s ;  bF 

F P 

+ bg r bp 9 b{ r 

where  b o  and b o  a re  t h e  nomina l  m a c h i n e - s e t t i n g s ;  0 # g o i s  t h e  

new p r e s s u r e  a n g l e .  

We may compensa te  fo r  t h e  d i s l o c a t i o n  of t h e  b e a r i n g  c o n t a c t  

mak ing  8 = e * .  T h i s  c a n  be a c h i e v e d  by r e f i n i s h i n g  of t h e  p i n i o n  

w i t h  a c o r r e c t e d  s e t t i n g  AbF. S i m i l a r  t o  e q u a t i o n  ( 8 . 1 5 )  w e  

o b t a i n  

bF - bo + AbF P s i n e o  = 
P; - P ;  

( 8 . 1 8 )  

(ii) Misa l ignmen t  of C r o s s e d  Axes of Gear R o t a t i o n  

Consider t h a t  t h e  a x i s  of r o t a t i o n  of gea r  1 i s  n o t  p a r a l l e l  t o  

the ax i s  of r o t a t i o n  of gea r  2 and form an ang le  Ay ( F i g .  8 . 2 ) .  The 

coordinate  t ransformation from s h  t o  Sf i s  r ep resen ted  by t h e  

mat r ix  equations 

where  : 

[Mfh] = 

1 0 0 0 

0 COSAY s i n b y  0 

0 - s i n b y  cosAy 0 

0 0 0 1 

(8.19) 

- 
r 1  0 O I  

COSAY sinAY 

0 -sinAy cosAy 

U s i n g  e q u a t i o n s  ( 8 . 1 9 ) ,  ( 1 . 9 ) - ( 1 . 1 2 )  and ( 7 . l ) ,  ( 7 . 2 1 ,  w e  may 

represent t h e  t a n g e n c y  o f  s u r f a c e s  C and C2 f o r  c r o s s e d  m i s a l i g n e d  
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gears  as f o l l o w s :  

L ( 8 . 2 1 )  

( see  e x p r e s s i o n s  (1.11) and  ( 1 . 1 4 )  i n  Appendix I )  
a 

+ b cote s i n A p t a n h p  + r 9 t a n X p  = P P 2 2  P C O S ~ ~ C O S X ~ -  cosx- 
P P 

- (A1sinp 

bFcoteFtanXFsinX F + r 1 1  $ tanXF) cosAy 

s i n e p c o s p  case s i n X  s i n p 2  = s i n e  c o s p  + cose  sin^ s i n p l  (8.2: 

- s i n e  s i n p  - c o s e p s i n h  c o s p  - ( s i n e  s i n p  

cos Ay + cosBFcosAFsinAy (8 .24 )  

cos8pcosXp= - ( s i n e F s i n p l -  cos€IFsinXFcospl) s i n A y  + 

case F COSA F C O S A ~  

- B l c o s p l ) s i n A y  + (pFcoseFcosX - aF + 
1 F cosXF 

(8 .22 )  

2- P P F 1 F F 
- case s i n h F c o s p l )  

P 2 P 2- F 1 F 

(8 .25 )  

E q u a t i o n s  ( 8 . 2 0 )  - ( 8 . 2 5 )  f o r m  a svstem of f i v e  i n d e p e n d e n t  

e q u a t i o n s  i n  s ix  unknowns: 

t h a t  o n l y  two e q u a t i o n s  f rom e q u a t i o n  s y s t e m  ( 8 . 2 3 )  - ( 8 . 2 5 )  are 

'p ,  e F ?  p 1 r p 2  ?$ l and  $ 2 '  W e  remind 

i n d e p e n d e n t  s i n c e  I n -;l)I= 1 andln ; l ) l  = 1. 

The c o m p u t a t i o n a l  p r o c e d u r e  is a s  f o l l o w s :  ( i )  W e  c o n s i d e r  

e q u a t i o n s  ( 8 . 2 0 ) ,  ( 8 . 2 1 ) ,  ( 8 . 2 4 )  a n d  (8 .25 )  w h i c h  form a s y s t e m  

1 F i x i n g  i n  a 1' of 4 e q u a t i o n s  i n  f i v e  unknowns: 8 F 
'p 1.12 and $ 

w e  may o b t a i n  t h e  s o l u t i o n s  by e F ( $ l ) ,  O p ( $ l ) r p l ( $ l )  and  

( i i )  IJsing e q u a t i o n  ( 8 . 2 2 )  w e  o b t a i n  $ 2 ( $ l ) ;  ( i i i )  Then ,  u s i n g  

t h e  e q u a t i o n s  
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w e  c a n  o b t a i n  t h e  r e l a t i o n  between t h e  a n q l e s  $; and $i of gear  

r o t a t i o n .  F u n c t i o n  $;( @ i  is a n o n - l i n e a r  f u n c t i o n  and i t s  

d e v i a t i o n  from t h e  l i n e a r  f u n c t i o n  is g i v e n  by 

(8.27) 

Here: A$; (@i)  r e p r e s e n t s  t h e  k i n e m a t i c a l  errors of t h e  gear 

t r a i n  and eF (0;) and B p  ($i)  r e p r e s e n t  t h e  c h a n g e  of l o c a t i o n  of 

t h e  b e a r i n g  c o n t a c t  i nduced  by t h e  m i s a l i g n m e n t  o f  g e a r  a x e s .  

(iii) M i s a l i g n m e n t  of I n t e r s e c t e d  Axes of Gear R o t a t i o n  

I n  t h e  case of i n t e r s e c t e d  a x e s  o f  gear r o t a t i o n ,  t w o  axes 

form an angle Ay ( F i g .  8 .3 ) .  The c o o r d i n a t e  t r a n s f o r m a t i o n  from 

Sh t o  Sf is  r e p r e s e n t e d  by t h e  m a t r i x  e q u a t i o n s :  
i 
I 

where  

-sinAy 

0 

COSAY 

0 

0 :1 1 
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1 
C I 

Fig. 8.3 
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I cos Ay 0 - s inAy  

0 1 0 

s i n A y  0 cos Ay 

u s i n g  e q u a t i o n s  ( 8 . 2 8 ) ,  ( 1 . 9 )  - ( 1 . 1 2 )  and (7.11, ( 7 . 2 ) ,  w e  may 

r e p r e s e n t  t h e  t a n g e n c y  of s u r f a c e  El and C 

m i s a l i g n e d  gear  axes as follows: 

f o r  i n t e r s e c t e d  

A 2 C O S 1 5  - B 2 s i W 2  + C  = (A1cosp l t  B1s inpl )cosAy - 

( 8 . 3 0 )  -A2s inP2 - R 2 c 0 s P 2  = A1sinpl- B1 cospl 

+ bpco teps inAptanAp  + r2(b2tanAp = aP 
P coshp 

1 F F 

pP cos epcos A - 
+ b F c o t  eFtanAF ( A  cospl+ B1s inpl )s inAy + ( p c o s 6  cosAF-  cos^ aF 

s i n A F  + r 1 1  (b t anAF)cosAy 

s i n e p c o s p 2  - cosOps inAps inp2  = ( s inBFcospl+  c o s e F s i n A F s i n p  ) 

cos Ay- coseFcos AFsinAy ( 8 . 3 2 )  

(8.31) 

1 

- s i n e p s i n p 2 -  c o s e p s i n h p c o s p  = s i n O F s i n p l  - c o s 6 F ~ i n A F c o s p  ( 8 . 3 3 )  

cosepcoshp= ( s i n e F c o s p l  + c ~ s ~ ~ s i n A ~ s i n p ~ ) s i n A y * c o ~ O  CCSX COSAY 

2 1 

F F 

(8 .34 )  

E q u a t i o n s  ( 8 . 2 9 )  - (8.34) form a s y s t e m  of f i v e  i n d e p e n d e n t  

e q u a t i o n s  i n  six unknowns: e p  , O F  I pl I p 2  , 9, and 9, O n l y  

t w o  e q u a t i o n s  from e q u a t i o n  svstem (8.32) - (8.34) are  

i n d e p e n d e n t .  The c o m p u t a t i o n a l  p r o c e d u r e  is t h e  same as w e  

d i s c u s s e d  before. 

Compensa t ion  fo r  t h e  L o c a t i o n  o f  Bea r ing  C o n t a c t  I n d u c e d  by t h e  

Gear M i s a l i g n m e n t  
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The d i s l o c a t i o n  of t h e  b e a r i n g  c o n t a c t  i n d u c e d  b y  

m i s a l i g n m e n t  o f  t h e  axes  of gear  r o t a t i o n  may be compensa ted  f o r  

by  t h e  c h a n g e  of t h e  l e a d  a n g l e  x F ( o r  h p )  

t e c h n o l o g i c a l l y  b y  r e f i n i s h i n g  of t h e  p i n i o n .  

T h i s  c a n  b e  d o n e  

Example 8.1:  The I n f l u e n c e  o f  Change of Axes D i s t a n c e  

Given:  t h e  r a c k  parameters ( see  F i g .  2 . 1  and  F i g .  2 . 2 ) ;  t h e  

gear p a r a m e t e r s :  N o .  of t e e t h  N1 = 1 2 ,  N 2  = 94;  l e a d  a n g l e  A F  = XE 

= 75O nomina l  p r e s s u r e  a n g l e  8'= 30'; n o r m a l  d i a m e t r a l  p i t c h  Pn = 

2;  nominal  a x e s  d i s t a n c e C = 2 7 . 4 3 4 8 2  i n . ; c h a n g e  of a x e s  d i s t a n c e  

A C  = 0.021 i n .  Due t o  t h e  c h a n g e  of a x e s  d i s t a n c e  t h e  new v a l u e  

o f  t h e  p r e s s u r e  a n g l e  8 is: ( i )  8 = 12.82082'  ( e x a c t  s o l u t i o n  

p r o v i d e d  by e q u a t i o n  s y s t e m  (8.5) - (8 .7)) ;  ( i i )  8 = 12.70903 '  

( a p p r o x i m a t e  s o l u t i o n  p r o v i d e d  by  e q u a t i o n  (8 .13 ) )  

The c o m p e n s a t i o n  f o r  t h e  d i s l o c a t i o n  of b e a r i n g  c o n t a c t  is 

a c h i e v e d  b y  t h e  new mach ine  s e t t i n g  b F  = 

p r o v i d e s  8 = €lo= 30' a l t h o u g h  C = Co + A C .  

bi -0 .021 i n .  which 

Example 8.2:  The I n f l u e n c e  of M i s a l i g n m e n t  o f  C r o s s e d  Gear Axes  

The r a c k  and gear nominal p a r a m e t e r s  are t h e  same as shown 

i n  Example 8.1. The  misalignment of crossed gear axes i s  given 

by Ay = 0.1' ( F i g .  8 . 2 ) .  The k inemat ica l  errors A$; and t h e  

change of 8F and eP are given i n  T a b l e  1. 

The c o m p e n s a t i o n  o f  k i n e m a t i c a l  errors is a c h i e v e d  w i t h  t h e  

change  o f  t h e  l e a d  a n g l e  o f  t h e  p i n i o n  x F =  75.10' (AhF = 0.10 ' ) .  

The k i n e m a t i c a l  errors a f t e r  c o m p e n s a t i o n  a r e  g i v e n  i n  T a b l e  2. 
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Table 1. Kinematical Errors 

A 4  ' 
41 OF eP (secogds; 

-20' 38.1358' 37.7508' 42.57" 

-loo 34.7987' 34.4138O 19.98" 

0' 31.5911' 31.2063O -0.00" 

10' 28.4910' 28.1062' -17.65" 

20' 25.4817' 25.0969' -33.19" 

Table 2. Compensated Kinematical 
Errors 

By using the proposed method of compensation we could reduce sub- 

stantially the kinematical errors induced by the misalignment of 

crossed axes of gear rotation (kinematical errors approach zero). 

Example 8.3: The Influence of Misalignment of Intersected Gear 
Axes 

The rack and gear nominal parameters are the Same as shown 

in Example 8.1. The misalignment of intersected gear axes is 

given by Ay = O.l0(Fig. 8.3). 

change of OF and O p  are given in Table 3. 

kinematical errors is achieved with the change of the lead angle 

The kinematical errors A$; and the 

The compensation of 

of the pinion XF = 75.060(AXF = 0.06'). The kinematical errors 

with compensation are given in Table 4. 



By using the proposed method of compensation, we could reduce the 

kinematical errors induced by the misalignment of intersected 

axes of gear rotation. 

9 .  Computer Aided Simulation of Bearing Contact (With Computer 
Graphics) 

We simulated the bearing contact of gears by setting up two 

coordinate systems: 

(pinion) and gear 2, respectively (Fig. 3.1)- Due to the 

computer graphics system, the figures showed in this section are 

two dimensional computer graphics. 

S1 and S2, rigidly connected to the gear 1 

Fig. 9.1 showed the normal crossed section of gear 1 

(pinion) in coordinate system S1 (Fig. 3.1 a) , there are 12 
teeth on the gear 1. We simulated gear 1 by considering the 

equations (3.6) - (3.12) , the x1 and y1 axes are the axes of 
symmetry of the normal section. 

it is important to mention that the normal section of the "fillet" 

As we discussed in Chapter 3, 

of gear 1 can be simulated by using the same equations which we 

simulated the normal section of the working part and substituted 

(f) (f) (f), and aF (f) in equations PF# 'F, bF and aF by PF 'F # bF 

(3.6) - (3.12). 

Fig. 9.2 showed the normal cross section of gear 2 in 

coordinate system S2 (Fig. 3.1 b) , there are 94 teeth on the 
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gea r  2 .  W e  s i m u l a t e d  gear  2 by c o n s i d e r i n g  t h e  e q u a t i o n s  (3 .16 )  

- (3 .211 ,  t h e  x 2  and  y 2  a x e s  are  t h e  axes of symmetry of t h i s  

normal s e c t i o n .  As w e  m e n t i o n e d  above,  t h e  normal s e c t i o n  of t h e  

" f i l l e t "  o f  gear  2 c a n  b e  s i m u l a t e d  by  u s i n g  t h e  same e q u a t i o n s  

which  w e  s i m u l a t e d  t h e  normal  s e c t i o n  o f  t h e  work ing  p a r t ,  and 

t h e n  s u b s t i t u t e d  P p r  e P  , b p  and ap b y  pp (f) , eP ( f )  , b(f) and a ( f )  
P 

i n  e q u a t i o n s  ( 3 . 1 6 )  - ( 3 . 2 1 )  

F i g .  9 .3  showed t h e  f r o n t  view of gear  1 a n d  t h e  o r i e n t a t i o n  

o f  c o n t a c t i n g  e l l i p s e  o f  b e a r i n g  c o n t a c t  when t h e  c e n t e r  d i s t a n c e  

d i d  n o t  c h a n g e .  I t  s h o u l d  be men t ioned  t h a t  t h e  s i z e  o f  

c o n t a c t i n g  e l l i p s e  showed i n  F ig .  9.3 depended  on t h e  v a l u e  o f  

e l a s t i c  a p p r o a c h  6 . A l s o ,  t h e  c o n t a c t i n g  e l l i p s e s  showed h e r e  

w a s  a s i d e  v i e w  ( t h e  p r o j e c t i o n  o n  x - z p l a n e ) .  F i g .  9.4 showed 

t h e  same case f o r  t h e  gear 2. 

F i g .  9 .5  showed t h e  b e a r i n g  c o n t a c t  o f  gear  1 d u e  t o  a n  

i n c r e a s e d  o f  c e n t e r  d i s t a n c e  0.02 i n c h e s .  F i g .  9.6 showed t h e  

same case f o r  t h e  g e a r  2 .  From these t w o  f i g u r e s ,  w e  found  t h a t  

the s i z e  and m a g n i t u d e s  of t w o  axes o f  c o n t a c t i n g  e l l i p se  a re  

changed  a l o t ,  t h i s  p r o v e  t h a t  c i r c u l a r  a r c  h e l i c a l  g e a r s  are  

v e r y  s e n s i t i v e  t o  the c h a n g e  of c e n t e r - d i s t a n c e .  

F i g .  9.7 showed t h e  b e a r i n g  c o n t a c t  o f  gear  1 d u e  t o  t h e  

m i s a l i g n m e n t  o f  c r o s s e d  axes of g e a r  r o t a t i o n  for  1.0 d e g r e e .  

The s i z e  and  m a g n i t u d e s  of two a x e s  of c o n t a c t i n g  e l l i p s e  were n o t  

changed s i g n i f i c a n t l y .  Fig. 9 . 8  showed t h e  same case for  the  gear 2. 

F i g .  9.9 showed t h e  k i n e m a t i c a l  errors d u e  t o  t h e  m i s a l i g n m e n t  o f  

c r o s s e d  axes o f  gear  r o t a t i o n  €or 1.0 d e g r e e  w i t h  and w i t h o u t  
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compensation. 

of compensation discussed in Chapter 8 ,  we can cause the 

kinematical errors to approach zero. 

From this, we prove that using the proposed method 

10. Conclusion 

The authors have presented a method of generation of tooth 

surfaces for circular arc helical gears, derived the basic 

equations which represent the geometry of gears, and proposed a 

computer aided method for simulation of conditions of meshing and 

of the bearing contact for these gears. 

gears to the change of center-distance, machine-tool settings 

and to the misalignment of axes of gear rotation have been investi- 

gated. A technological technique for the compensation of the 

dislocation of the bearing contact induced by the above errors 

The sensitivity of the 

, have been proposed. 
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12. Appendix I Gear Tooth Surfaces 

Gear l Tooth Surface.  Subs t i tu t ing  s u b s c r i p t  ttill by "F" i n  equa- 

t i o n s  (2.4) and (2.6) and tak ing  i n t o  account t h a t  bF > 0 ,  

w e  ob ta in :  

1 

I -(pFcosBF - aF)sinXF t u F coshF 

( p F c o s g F  - aF)cosAF t uFsinXF 

1 

[,AF)] = [ -cos9 singFF sinXF ] 
cos9FcOS~F 

Equations (I. 1) and (I. 2 )  represent  t h e  genera t ing  su r f  ace 

CF and t h e  u n i t  normal t o  t h i s  surface.  

of meshing using equat ions  (I.l), (1.2) and (3.2) with 

W e  may de r ive  t h e  equat ion  

where Xc (F) , Yc (F) and Zc (F) a r e  coordinates  of t h e  p o i n t  of i n t e r -  

s e c t i o n  of t h e  normal t o  IF and t h e  i n s t an taneous  a x i s  of rota- 

t i o n ,  1-1 (Fig.  3.1, a ) .  W e  then o b t a i n  

fF (uF ,  BP, +1) = (rl+l- u F cosXF - aFsinXF)sine F + 

b F cos9FsinXF = 0 

83 
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Equation of meshing (1.4) yields 

- rl% - aFSinXF + bFcoteFtanhF 
UF - C0SXF 

(1.5) 

Equations (1.1) and (1.5) when considered simultaneously represen 

a family of contacting lines on surface CF. 

may represent this family of lines of contact as follows: 

Eliminating uF, we 

pFsinO F - bF 

-(pFsinO 

(pFsineF + b tan 2 XF)cot0pCosAF - C0SXF aF + rlOltanhF 

- b )cotBFsinXF + rlGl F F 

F 

(1 6) 

Using equations (1.6) and the coordinate transformation from 

SdF)to S1 we obtain 

x1 = (pFsinBF - bF + rl)cosO1 + (pFcosBF - bFcotOF)sin@lsinh 
y1 = (pFsinBF - bF + rl)sin@l - (pFcosBF - bFcotOF)cos$lsinh 

+ bFcoteFtanX sinXF + rl@ltanhF aF 
2 1 = pFCOSeFCosxF - codF F 

(1.7) 

The surface unit normal is given by 

sineFcos@ + cos0 sinXFsin@l 1 F 
sineFsin@l - coseFsinX F cos0 

l l  

= 

COS eFCOS xF 
h1 [ 

Using the coordinate transformation from S1 to Sh we obtain 

8 4  



= Alcosp + B1sinpl 

1 
= A1sinpl - Blcosp 

h 1 X 

’h 

f) = pFcoseFco~xF - C0ShF F + b coteFtanXFsinhF + rl@ltanXF F 
a 

En:”]- 

1 F 1 1 + cos0 sinhFsinp 

sineFsinp 1 - coseFsinX F cosp 1 

koseFcosXF 1 
Here : 

(1.10) 

F’ B (e ) = (pFcosBF - bFcotOF)sinX I F  - bF + rlf F Al(eF) = pFsine 

and = @I-@{ (1.11) 

Equations (1.9) and (1.10) with a fixed value for + i f  represent 
in the coordinate system shf surface 11 and the unit normal to 

C1. These equations with different values-for @.if represent 
in Shf a family of surfaces C1 and the unit normals to these 

surf aces. 

The derivation of equations for gear 2 surface 12 and its 

unit normal is based on similar considera-ions. We may represent 

these equations in Sf as follows: 

( * )  = A2cosp f 2 - B2sinp2 + C X 

= -A2sinp 2 - B2cosp2 

I aP + bpcot9 sinXptanh + r2@2tanXp f P coshp P P = p cosepcosXp - .- ( 2 )  Z 

(1.12) 
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sinepcosp - cosepsinvpsinp 
-sinOpsinp 2 - cos0 P sinXpcosp 221 2 

cosepCOSh P 

(1.13) 

- r2# B ( e  ) = (ppcosBp - b cot8p)sinhp, 
P P - bP 2 P  A (e ) = ppsine 2 P  

and p2 = $2 - $ 2  
(1.14) 

The nominal value of the center distance is C = rl + r2. 
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L i s t  of symbols 

(Note: i = 1 , 2 ;  d = F,  P )  

a H a l f  t h e  l e n g t h  of  major ax i s  of  c o n t a c t i n g  
e l l i p s e .  

Algebraic values which de te rmine  t h e  l o c a t i o n  
of  t h e  center of t h e  c i r cu la r  arc. ad 

(1) 
31 A u x i l i a r y  func t ion  d e f i n e d  i n  Eq. ( 4 . 1 1 )  a 

( 2 )  
31 a 

( 2 )  
32 a 

II II Eq. ( 4 . 1 2 )  

It Eq. (4.43) 

I1 Eq. ( 4 . 4 4 )  

I1 II Eq. (5 .1)  A 

II II *I Eq. (3.9) 

II It AII Eq. (3 .19)  

b Half t h e  l e n g t h  of minor ax is  o f  c o n t a c t i n g  
e l l i p s e .  

a parameter  of tool s e t t i n g  bd 

N o m i n a l  value f o r  t h e  machine s e t t i n g s  b: 

A u x i l i a r y  func t ion  d e f i n e d  i n  Eq. (4 .13)  

Eq. (4 .45)  II II 

II II B Eq. (5 .1)  

II II Eq. (3.9) 
BI 

BII 
It II Eq. (3 .19)  



cF 

C P 

( f )  

P C 

c e n t e r  o f  working p a r t  of c i r c u l a r  arc  
r a c k  c u t t e r  F 

c e n t e r  of  t h e  f i l l e t  o f  c i r c u l a r  arc 
r a c k  c u t t e r  F 

c e n t e r  of working p a r t  of  c i r c u l a r  a rc  
r a c k  c u t t e r  P 

c e n t e r  of  t h e  f i l l e t  of  c i r c u l a r  arc 
r a c k  c u t t e r  P 

A u x i l i a r y  f u n c t i o n  d e f i n e d  i n  Eq.  (3.9) 

11 11 Eq.  (3 .19)  

11 I1 Eq.  (3 .9)  

I 1  I1 Eq .  (3 .19)  

A u x i l i a r y  f u n c t i o n  d e f i n e d  i n  Eq.  ( 4 . 8 ) ,  
Eq.  ( 4 . 4 6 )  t o  compute t h e  p r i n c i p a l  d i r e c -  
t i o n s  of  s u r f a c e  C i  

91 = K I  (l)-  A u x i l i a r y  f u n c t i o n  d e f i n e d  i n  E q .  (5 .1)  t o  
de t e rmine  t h e  s i z e  of  c o n t a c t i n g  e l l i p s e  K1l 

9 2  = K I  (*I- ( * )  A u x i l i a r y  f u n c t i o n  d e f i n e d  i n  Eq.  (5 .1 )  t o  
de t e rmine  t h e  s i z e  of  c o n t a c t i n g  e l l i p s e  K1l 

A u x i l i a r y  f u n c t i o n  d e f i n e d  i n  E q .  ( 4 . 9 ) ,  
Eq.  ( 4 . 4 7 )  t o  compute t h e  p r i n c i p a l  cu r -  
v a t u r e s  of  surface C i  

u n i t  vectors a l o n g  p r i n c i p a l  d i r e c t i o n  of  
s u r f a c e  Id 

,(i) .(i) p r i n c i p a l  c u r v a t u r e s  o f  s u r f a c e  C i  I ' I1 
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( l ) =  K ( ' ) +  K ( l )  
c I I1 Auxiliary function defined in Eq. ( 5 . 1 )  

K 

! 2 ) =  ( 2 )  ( * )  Auxiliary function defined in Eq. ( 5 . 1 )  
K KI + 5 1  

[ Lij] projection transformation matrix; trans- 
formation from S to Si 

j 

M point of contact of tooth surface 

[Mi j] 
coordinate transformation matrix; trans- 
formation from S to si 

j 

surface d unit normal 

relative velocity of the tip of the unit 
normal vector ni 

* 

N (dl surface d normal vector 
.., 

Diametral pitch in normal section 'n 

r ..,c position vector represented in the coor- 
dinate system Sc 

Pitch radius of gear i i r 

si (Ui, Oil surface Ci position vector with surface 
coordinates (ui , 8 i) 

coordinate system rigidly connected with 
frame sf 

Auxiliary coordinate system h 'h 

Si(Xi'Yi,Zi) coordinate system rigidly connected with 
gear i 

(i) Auxiliary function defined in Eq. ( 4 . 1 0 ) ,  
Eq. ( 4 . 4 8 )  
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Ud generating surface coordinate 

(1) 
-abs V 

(i) V - tr 
(i) V -1 

a 

AC 

'i 

Absolute velocity of the point on the 
surface Ci 

Relative velocity represented in coordinate 
system Sf of a contact point on surface 11 
with respect to contact point on surface C2. 

Relative velocity of contact point on surface 
'i 

Transfer velocity of contact point on surface 
Ci 

Transfer velocities of points on surface 
Ci in coordinate system 1. 

Relative velocity of point 2 with respect to 
-point 1 (v:21)= 

Angle of the orientation of contacting 
ellipse measured from axis I-I to the unit vector 
i )  -1 

Change of center distance (inches) 

misalignment of gear rotation axes 

Approach of surface C1 and C2 

Nominal value of the pressure angle 

pressure angle of gear d 

variable parameter which determines the 
location of a point on circular arc gear i 

helical gear i lead angle 
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'd 

'i 

U 

'i 

Auxiliary function 

Auxiliary function 

Radius of working part of circular arc 
rack cutter d 

Nominal value for the radius of circular 
arc 

Radius of fillet of circular arc rack 
cutter d 

generating surface d 

generated surface of pinion and gear 

Angle form by principal direction of 
two surfaces measured from to ii2) 
and positive angle for counterclockwise 

5 

An le measured from ijF)to the unit vector 
('I ; positive if counterclockwise $1 

Angle measured from tjP)to the unit vector 
( 2 )  ; positive if counterclockwise !I 

gear i rotation angle in mesh with the 
corresponding rack cutter 

gear i rotation angle in mesh with the 
mating gear 

kinematical error function defined in 
Eq. ( 8 . 2 7 )  

pressure angle 

(i) w gear i angular velocity 
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